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Abstract
The intention of this thesis is to give a survey of instantaneously complete Ricci flows
on surfaces, focussing on the existence and uniqueness of its Cauchy problem. We
prove a general existence result for instantaneously complete Ricci flows starting at
an arbitrary Riemannian surface which may be incomplete and may have unbounded
curvature. We give an explicit formula for the maximal existence time, and describe
the asymptotic behaviour in most cases. The issue of uniqueness within this class of
instantaneously complete Ricci flows is still conjectured but we are going to describe
the progress towards its proof. Finally, we apply that new existence result in order to
construct an immortal complete Ricci flow which has unbounded curvature for all time.
v

Chapter 1
Introduction
In 1964 James Eells and Joseph H. Sampson introduced the harmonic map heat
flow [ES64] in order to tackle geometric (and topological) problems; subsequently, the
study of parabolic flows to that end has become quite popular and also very successful.
Inspired by their work, in 1982 Richard S. Hamilton introduced in his seminal article
[Ham82] the Ricci flow equation
∂
∂t
g(t) = −2Rcg(t) (1.1)
and proved that for any compact three dimensional manifold
(Mn, g0) with positive
Ricci curvature (and without boundary), there exists a unique solution
(
g(t)
)
t∈[0,T )
of (1.1) on M starting at g(0) = g0 which converges after rescaling to a spherical
space form. Consequently, he developed a program to utilise the Ricci flow in order to
prove William P. Thurston’s geometrisation conjecture [Thu82] about classifying
three dimensional manifolds, which includes the prestigious Poincare´ conjecture as a
special case. After the tremendous groundwork mostly done by Hamilton, the study of
Ricci flow culminated at the time, when Grigori Perelman concluded Thurston’s
program while introducing many innovative ideas and concepts into the theory [Per02],
[Per03b], [Per03a]. Another remarkable result is the proof of the Differential Sphere
Theorem by Simon Brendle and Richard Schoen [BS09].
1.1 Existence and uniqueness of the Cauchy problem
The initial article [Ham82] by Hamilton contains, along with the introduction of the
Ricci flow, a comprehensive treatise on the existence and uniqueness of the associated
Cauchy problem on compact manifolds: Given an arbitrary metric g0 on a compact
manifold Mn there exists a unique Ricci flow starting from g0, either for all time
or up to a final time when its curvature blows up. The situation for non-compact
manifolds turns out to be much more complicated. However, Wan-Xiong Shi proved
in [Shi89] a short-time existence theorem starting from a complete Riemannian manifold
with bounded curvature. Yet it took another 17 years, until Bing-Long Chen and
Xi-Ping Zhu provided the associated uniqueness result [CZ06], i.e. in the class of
complete solutions with bounded curvature.∗
In 2006, Peter M. Topping started to consider the Ricci flow on surfaces where at
least one of those requirements (i.e. completeness or bounded curvature) was dropped or
∗In Section 2.4 we are going to give a precise statement of these classical results.
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weakened. Before proceeding to restrict our attention to this two dimensional situation,
let us mention that recently Esther Cabezas-Rivas and Burkhard Wilking have
proved new existence results on open, higher dimensional manifolds (dimM≥ 3) with
non-negative complex sectional curvature in order to construct immortal Ricci flows
with unbounded curvature [CRW11].
1.2 Ricci flows on surfaces
In the special case of compact surfaces, the issue of short-time existence and uniqueness
of solutions of the Cauchy problem is already settled entirely by the above mentioned
classical results. However, Hamilton [Ham88] and Bennet Chow [Cho91] rounded
off the two-dimensional compact theory by describing also the Ricci flow’s long-time
behaviour in detail: The area-normalised solution of (1.1) starting at any compact
Riemannian surface converges under the flow to a constant curvature metric with equal
area (→ §3.1). Consequently, one obtains another proof of the Uniformisation Theorem
A.2.4 for compact surfaces.
Then again on non-compact surfaces, the situation used to be quite unclear: Most
existence results are either based on Shi’s existence theorem or arise from the theory of
the logarithmic fast diffusion equation (→ §4.1), but in every case they require special
topological/geometrical constraints. Concerning the issue of uniqueness apart from
Chen and Zhu’s result only little was known until recently. In [DdP95] Panagiota
Daskalapoulos and Manuel del Pino constructed a huge family of Ricci flow
solutions on the plane R2 starting from the same initial surface. Moreover, already
simple examples like the flat unit disc in the plane admit infinitely many solutions (cf.
example below).
1.2.1 Instantaneously complete Ricci flows
In order to tackle this non-uniqueness phenomenon, Topping developed the concept
of an instantaneously complete solution [Top10], that is to say even if the initial metric
is incomplete, the Ricci flow solution becomes complete for any positive time.
Definition 1.2.1. A Ricci flow
(
g(t)
)
t∈T on a surfaceM2 with the interval T ⊂ [0,∞)
including 0, is instantaneously complete, if
(M, g(t)) is complete for all t ∈ T \{0}.
To justify it he proved a new very general existence result which supersedes the classical
ones in two aspects: The initial surface is no longer required to be complete nor to have
curvature bounded from below.
Theorem 1.2.2 (Topping [Top10, Theorem 1.1]). Let (M2, g0) be a smooth Rieman-
nian surface (without boundary) with Gaussian curvature bounded above, Kg0 ≤ κ0 ∈ R.
Then for T > 0 sufficiently small so that κ0 <
1
2T , there exists a smooth Ricci flow(
g(t)
)
t∈[0,T ] onM such that g(0) = g0 and g(t) is complete for all t ∈ (0, T ]. Moreover,
the curvature of g(t) is uniformly bounded above for all t ∈ [0, T ], and (g(t))
t∈[0,T ] is
maximally stretched†.
Before we illustrate the particular behaviour of such instantaneously complete solutions
by means of two examples, we would like to point out another non-standard way of
constructing a Ricci flow on a surface: Recently Topping introduced a notion of a
†Roughly speaking, a Ricci flow is maximally stretched if it is above every competitor (→ §2.2.4).
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u(t, ·)
y
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Figure 1.1: Unit disc D ⊂ R2
y
x
u(t, ·)
flat cylinder
Figure 1.2: Punctured plane R2 \ {0}
more general initial condition which allows an ‘instantaneous’ change of the surface’s
topology in the beginning. The perfect example to think of is the complete hyperbolic
cusp metric on the punctured disc as the initial surface. But instead of just flowing it
using Shi’s existence result, one adds a point at infinity removing the puncture and lets
the flow contract the cusp as time goes on. The reason (and the prerequisite) for this
non-uniqueness is the fact that the cusp is collapsed. Then again, this non-standard
Ricci flow is unique among other such cusp contracting solutions. We refer to [Top12]
for details and precise statements.
1.2.2 Examples
At first, we consider the flat unit disc in the plane D ⊂ R2 [Top10, Example 1.5]. Since
the Ricci flow equation in dimension two is conformally invariant, it can be reduced to a
quasi-linear parabolic partial differential equation for the Euclidean metric’s conformal
factor e2u(t)gE on the disc (→ §2.2.1)
∂
∂t
u = e−2u∆u on (0,∞)× D,
u ≡ 0 on {0} × D.
Without prescribing Dirichlet (or Neumann) data on the boundary ∂D the associated
Cauchy problem is ill-posed. On the other hand, by virtue of standard parabolic exis-
tence theory one could prescribe any boundary values and obtain divergent solutions,
all starting from the same flat disc.
In Figure 1.1 we plot the conformal factor of the instantaneously complete solution
at several times t = 0, t 1, t ≈ 1 and in the limit t→∞ (after rescaling): Obviously,
the initial conformal factor u(0) ≡ 0 belongs to an incomplete metric. After a very
short time the solution is still very close to the initial one everywhere except near the
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boundary, where the conformal factor blows up rapidly in order to comply with the
metric’s requirement to be complete. In that part it corresponds to a hyperbolic metric
of very negative curvature. Later (t ≈ 1), the negative curvature disperses towards the
interior and the conformal factor starts translating upwards. It turns out that in the
limit t → ∞ after rescaling to compensate for the translation, the solution converges
to the hyperbolic metric on D, i.e. the complete metric of constant curvature −1.
Note that Topping also showed that this particular Ricci flow starting from the flat
disc is unique within the class of instantaneously complete solutions [Top10, Theorem
1.7]. This indicates that the Cauchy problem is well-posed requiring the metric to be
(instantaneously) complete rather than prescribing haphazard boundary data.
The other example [Top10, Example 1.6] we are going to discuss briefly, is the flat
punctured plane R2\{0} (→ Figure 1.2). To overcome the incompleteness at the origin,
the Ricci flow instantaneously forms a very sharp hyperbolic cusp, while away from the
puncture the conformal factor stays almost constant. As time goes on, the very negative
curvature of the cusp starts spreading out across the whole plane, in the same manner
as on the unit disc. Though it turns out to be a unique solution (→ Theorem 5.2.2),
there is no obvious rescaling such that the flow converges to its uniformisation, the flat
cylinder.
1.2.3 Main results
Since the introduction [Top10] of instantaneously complete Ricci flows on surfaces in
2006, Topping and the author have elaborated the theory to the following extent:
In [GT11], we proved a very general existence theorem, which in contrast to Theo-
rem 1.2.2 provides an instantaneously complete Ricci flow solution starting from any
smooth Riemannian surface up to the maximal existence time (→ §5.1). Note that this
result contains the classical, two dimensional theory by Hamilton and Shi as a special
case. We also showed that if the surface does not admit a conformal hyperbolic metric,
the instantaneously complete solution is unique in its class. On the other hand, [GT10]
provides a uniqueness result for a strictly negatively curved solution in that context.
This restriction has been slightly relaxed since then (→ §5.2). However, in [GT12]
we constructed examples of complete immortal Ricci flows with unbounded curvature
for all time; the above mentioned uniqueness results do not cover all these particular
solutions. Finally, the article [GT11] also deals with the long-time behaviour of con-
formally hyperbolic solutions: The instantaneously complete Ricci flow on a surface
which admits a complete conformal hyperbolic metric, uniformises (at least locally)
after rescaling (→ §5.3). Hence, along with the corresponding result of Hamilton and
Chow for the compact cases, this complements the issue of long-time behaviour in
most cases; merely on the plane does the situation remain more intricate (→ §5.3.2).
1.3 Outline
This thesis consists roughly of three parts (and an appendix): This introduction and
the presentation of the required background on Ricci flow in the next chapter are
followed by the main part (Chapters 3–5) about existence, uniqueness and long-time
behaviour of instantaneously complete Ricci flows on surfaces. The last part (Chapter
6) concludes with an application of the preceding existence theory in order to construct
a somewhat exotic Ricci flow with unbounded curvature.
After this introduction we clarify in Chapter 2 our notation, summarise some basic
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facts about two-dimensional Ricci flow and state several results from the classical theory
of the Ricci flow, e.g. maximum and comparison principles, existence, uniqueness and a
priori estimates. Apart from the last part where we include some more recent curvature
estimates by Chen, the chapter’s content can be regarded as standard and be skipped
by a reader familiar with the subject.
The main part in the next three chapters about existence, uniqueness and long-time
behaviour of instantaneously complete Ricci flows follows this strategy: Chapters 3
and 4 deal with simply connected surfaces, whose results are generalised to arbitrary
surfaces in Chapter 5, where we state all the main results. Chapter 3 focusses on the
only compact, simply connected surface, the 2-sphere. Though the results here can
be considered to be standard nowadays, we include them in order to complement the
theory. Chapter 4 contains the essentials of the theory of instantaneously complete
Ricci flows: The two non-compact simply connected cases — on the flat plane and
the hyperbolic disc. Whereas the results of the conformally flat case on the plane are
mostly inherited from the theory of the logarithmic fast diffusion equation (→ §4.1)
and transfered to our geometric situation, we present the theory of instantaneously
complete Ricci flows on the hyperbolic disc in detail. In Chapter 5 we generalise those
results from simply connected surfaces to those with arbitrary topology, and outline
partial results and open questions.
Chapter 6 concludes with an application of the former results to construct an im-
mortal Ricci flow which has unbounded curvature for all time. For the reader’s con-
venience, we include in the appendices several results about Riemannian surfaces (§A)
and parabolic regularity theory (§B) rather than just citing them within the text.
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Chapter 2
Fundamentals
2.1 Notation and convention
Unless stated otherwise, Mn will be a smooth, connected, n-dimensional manifold
without boundary, and T ⊂ R a time interval, usually starting at (and including)
0. For a point p ∈ M we denote its (co)tangent space by T(∗)Mp. Furthermore,
X(M) := Γ(M; TM) are the smooth vector fields, and Γ(M; Sym(+)2 TM) the (pos-
itively definite) bilinear form fields. For a Riemannian metric g ∈ Γ(M; Sym+2 TM)
we have the corresponding Levi-Cevita connection g∇, the Riemannian curvature ten-
sor Rmg, the Ricci curvature Rcg, the scalar curvature Rg, the Riemannian measure
dµg, its lower k-dimensional variants dHkg , the geodesic ball Bg(p; r) in p ∈ M of ra-
dius r > 0, the volume volg and the arc length Lg. For any smooth (r, s) tensor field
T ∈ Γ (M; T(r,s)M) := Γ (M;⊗r TM⊗⊗sT∗M) we denote its Ck-norm by
∥∥∥T ∥∥∥
Ck(M,g)
=
k∑
j=0
sup
M
∣∣∣ (g∇)jT ∣∣∣
g
.
Commonly, we use the term Ricci flow to denote a one-parameter family of metrics(
g(t)
)
t∈T on Mn which is a (classical) solution to
∂
∂t
g(t) = −2Rcg(t), (2.1)
rather than the partial differential equation itself.
Riemannian Surfaces
On a surface M2 we are going to use the Gaussian curvature Kg = 12Rg rather than
the scalar curvature. If we pick a local isothermal complex coordinate z = x + iy on
U ⊂M2, we can write the metric in terms of a scalar conformal factor u ∈ C∞(U)
g = e2u|dz|2
where |dz|2 = dx2+dy2. In most of our cases, our surface will be homeomorphic to C,
such that we have only one global chart and u ∈ C∞(M) can be defined with respect
to the flat metric |dz|2 on the whole surface. Unless stated otherwise, we will denote
the Laplacian ∆ := ∂
2
∂x2
+ ∂
2
∂y2
, the flat connection D or the norm | · | with respect to
|dz|2 omitting the subscripted metric. Occasionally, we abuse notation by abbreviating
7
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Kg by Ku or volg by volu.
Definition 2.1.1. A surface M2 is finitely connected if there exists a compact
surface N 2 and finitely many points p1, . . . , pk ∈ N for some k ∈ N0 := N ∪ {0} such
thatM is homeomorphic to N\{p1, . . . , pk}. Then we define the Euler characteristic
of M to be
χ(M) :=
{
χ(N )− k if M is finitely connected,
−∞ otherwise, (2.2)
where χ(N ) denotes the Euler characteristic of the compact surface N .
By virtue of the uniformisation theorem (Corollary A.2.5) every surface
(M2, g) admits
a conformal complete metric gκ¯ of constant curvature Kgκ¯ ≡ κ¯ ∈ {1, 0,−1}, which we
denote by gS, gE or gH respectively and call it spherical, Euclidean or hyperbolic.
∗
Consequently, we can qualify a Riemannian surface
(M2, g) to be either conformally
spherical, Euclidean or hyperbolic if it admits a complete metric with positive,
zero or negative curvature respectively. We denote the corresponding simply connected
Riemann surfaces by S2 for the 2-sphere, C for the complex plane and D := {z ∈ C :
|z| < 1} for the unit disc. Occasionally, we will write Dr ⊂ C for a disc of radius r > 0.
2.2 Ricci flow on surfaces
On a two-dimensional manifold, the Ricci curvature is simply the Gaussian curvature
times the metric Rcg = Kg · g, so the Ricci flow equation (2.1) becomes
∂
∂t
g(t) = −2Kg(t) · g(t). (2.3)
Hence, the Ricci flow moves within a fixed conformal class, which allows us to simplify
this coupled system of partial differential equations to a scalar equation for the metric’s
conformal factor.
2.2.1 Evolution of the metric’s conformal factor
In order to relate a Ricci flow to a fixed conformal background metric, we need to relate
their Gaussian curvatures.
Lemma 2.2.1 ([CK04, Lemma 5.3]). Let ϕ :
(M1, g1) → (M2, g2) be a conformal
map between Riemannian surfaces and define u ∈ C∞(M1) such that ϕ∗g2 = e2ug1.
Then the Gaussian curvatures are related by
Kg2 ◦ ϕ = e−2u
(
−∆g1u+Kg1
)
. (2.4)
Inserting g = e2ug0 into (2.3) and using the relation (2.4) with ϕ = idM, we obtain
the evolution of the metric’s conformal factor u under the Ricci flow as the quasi-linear
scalar partial differential equation
∂
∂t
u = −Kg = e−2u (∆g0u−Kg0) . (2.5)
∗Note that only the first and the latter metric are uniquely determined by the conformal structure,
completeness and curvature, while the complete flat metric is only unique up to homotheties.
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Since the Ricci flow in two dimensions preserves the conformal class, we can use the
uniformisation theorem to restrict our analysis on simply connected surfaces to those
three cases of either spherical, Euclidean or hyperbolic geometry which will be the
contents of the next two chapters. In order to exploit these results for a Ricci flow on
a surface with non-trivial topology, we are going to pull it back to its simply connected
universal cover, where it is again a Ricci flow (see also Appendix A.2).
Remark 2.2.2. Let
(
g(t)
)
t∈[0,T ] be a Ricci flow on a surface M2. Then there exist a
universal covering pi : M˜ → M and a smooth function u ∈ C∞([0, T ] × M˜) such that(M˜, pi∗g(t)) is isometrically either (S2, e2u(t)gS), (C, e2u(t)|dz|2) or (D, e2u(t)|dz|2) for
each t ∈ [0, T ]. In particular, u(t) is a global solution of
∂
∂t
u = e−2u (∆gSu− 1) if M˜ is compact, (2.6)
∂
∂t
u = e−2u∆u if M˜ is non-compact. (2.7)
2.2.2 Normalised Ricci flow
The following proposition describes the behaviour of a Ricci flow which is being dilated
in time, and follows immediately from the scaling properties of geometric quantities.
Proposition 2.2.3. Let
(
g(t)
)
t∈(A,Ω) be a Ricci flow on a surface M2, t0 ∈ (A,Ω) and
ψ ∈ C∞((A,Ω), (0,∞)). Define the change of the time parameter
t¯ : (A,Ω) −→ (A¯, Ω¯)
t 7−→
ˆ t
t0
ψ(τ) dτ
(2.8)
with A¯ := limt↘A t¯(t) ∈ [−∞,∞) and Ω¯ := limt↗Ω t¯(t) ∈ (−∞,∞], and inverse t =
t¯−1. Then, the 1-parameter family of metrics
g¯ := (ψ · g) ◦ t : (A¯, Ω¯) −→ Γ(M; Sym+2 TM) (2.9)
is a solution of
∂
∂t¯
g¯(t¯) = −
(
2Kg¯(t¯) +
d(1/ψ)
dt
◦ t(t¯)
)
g¯(t¯). (2.10)
Hence, we may define the normalised Ricci flow as the following special case of (2.10).
Definition 2.2.4. A 1-parameter family of metrics
(
g¯(t¯)
)
t¯∈T¯ on a surface M2 is a
normalised Ricci flow if it solves the equation
∂
∂t¯
g¯(t¯) = −2(Kg¯(t¯) − κ¯) g¯(t¯) (2.11)
with κ¯ ∈ {1, 0,−1} according to the conformal type of (M, g¯(t¯)).
In the theory of Ricci flows on compact surfaces, one usually chooses κ¯ to be the
average Gaussian curvature which by virtue of the Gauß-Bonnet Theorem A.1.1 is
equal to 2pi
χ(M)
volg0 M . This way the normalised flow is volume preserving and converges
exponentially fast to a metric of constant curvature 2pi
χ(M)
volg0 M .
†
†See Section 3.1 and in particular Theorem 3.1.1 for details.
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Then again on non-compact surfaces, the average Gaussian curvature might not
be defined, so we are going to choose κ¯ ∈ {−1, 0, 1} depending on the conformal type
of the surface, which is determined by the uniformisation theorem (Corollary A.2.5).
This way the normalised Ricci flow is expected to converge in most cases to a surface
of constant Gaussian curvature κ¯ (→ §5.3). Note that in the compact case that choice
of κ¯ corresponds to the sign of the Euler characteristic.
Remark 2.2.5. In the setting of Definition 2.2.4, if we write locally e2u¯(t¯)|dz|2 = g¯(t¯)
for all t¯ ∈ T¯ , then
∂
∂t¯
u¯ = e−2u¯∆u¯+ κ¯. (2.12)
2.2.3 Evolution of geometric quantities
Proposition 2.2.6. Let
(
g(t)
)
t∈T and
(
g¯(t¯)
)
t¯∈T¯ be solutions of the unnormalised (2.3)
and normalised (2.11) Ricci flow on a surface M2 respectively. For some vector fields
X,Y ,Z ∈ X(M), we have the evolution of the associated Levi-Cevita connection
∂
∂t
〈g∇XY ,Z〉g = 12((Y Kg)〈X,Z〉g + (XKg)〈Y ,Z〉g − (ZKg)〈X,Y 〉g)
∂
∂t¯
〈g¯∇XY ,Z〉g¯ = 12((Y Kg¯)〈X,Z〉g¯ + (XKg¯)〈Y ,Z〉g¯ − (ZKg¯)〈X,Y 〉g¯),
(2.13)
of the Gaussian curvature
∂
∂t
Kg = ∆gKg + 2K
2
g
∂
∂t¯
Kg¯ = ∆g¯Kg¯ + 2Kg¯
(
Kg¯ − κ¯
)
,
(2.14)
and of the volume form
∂
∂t
dµg = trg
∂g
∂t
= −2Kg dµg
∂
∂t¯
dµg¯ = trg¯
∂g¯
∂t
= −2(Kg¯ − κ¯) dµg¯. (2.15)
For a proof in case of the unnormalised flow we refer to [Top06, §2.5], and the normalised
variant follows similarly inserting h = −2 (Kg¯(t¯) − κ¯) g¯(t¯) into the deformation formulae
of [Top06, §2.3.1].
2.2.4 Maximally stretched Ricci flows
In general, a Ricci flow on the universal cover of a Riemannian surface might not
preserve the deck transformations (isometries) and hence it cannot be quotiented to
obtain a solution on the base. For this to be true nevertheless, we need some uniqueness
property, which is provided by maximally stretched Ricci flows.
Definition 2.2.7. A Ricci flow
(
g(t)
)
t∈[0,T ] on a surfaceM2 with T > 0 ismaximally
stretched, if for any other Ricci flow
(
gˆ(t)
)
t∈[0,Tˆ ] on M with gˆ(0) ≤ g(0) we have
gˆ(t) ≤ g(t) for all t ∈
[
0,min
{
T, Tˆ
}]
.
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The definition of a maximally stretched Ricci flow can be viewed as a height-maximality
of the conformal factor, i.e. e2u(t)|dz|2 is maximally stretched if and only if we have
u(t) ≥ v(t) for any other solution e2v(t)|dz|2 with u(0) ≥ v(0). Obviously, maximally
stretched Ricci flows are unique in their class.
Remark 2.2.8. Let
(
g(t)
)
t∈[0,T ] and
(
g˜(t)
)
t∈[0,T˜ ] be two conformally equivalent and
maximally stretched Ricci flows on M2 with g(0) = g˜(0). Then g(t) = g˜(t) for all
t ∈ [0,min{T, T˜}].
Therefore, as long as the uniqueness of instantaneously complete Ricci flows is still not
proved, the ‘maximal stretchedness’ will be a convenient way to uniquely characterise
a solution.
2.3 Maximum and comparison principles
2.3.1 Elementary comparison principle
In this subsection we clarify the statement and proof of two of the many variants of the
standard weak maximum principle: In the first one we assume the conformal factors
of two Ricci flows to be ordered on the parabolic boundary while in the second variant
(→ e.g. [Top11, Theorem B.1]) this requirement is replaced by the assumption that one
conformal factor blows up uniformly towards the boundary.
Theorem 2.3.1 (Direct comparison principle I). Let U b C be an open, bounded domain
and for some T > 0 let u ∈ C1,2((0, T ) × U) ∩ C([0, T ] × U) and v ∈ C1,2((0, T ) ×
U) ∩ C0,2([0, T ] × U) both be solutions of the Ricci flow equation for the flat metric’s
conformal factor (2.7). If v(0, z) ≥ u(0, z) for all z ∈ U and v(t, z) ≥ u(t, z) for all
(t, z) ∈ [0, T ]× ∂U , then v ≥ u on [0, T ]× U .
Proof. For every ε > 0 consider
vε(t, z) := v
(
1
ε
log(εt+ 1), z
)
+
1
2
log(εt+ 1) for all (t, z) ∈ [0, T ]× U ,
which is well-defined since 1ε log(εt + 1) ≤ t for all t ≥ 0. Observe that vε is a slight
modification of v, with vε(0, ·) = v(0, ·), and vε converges pointwise to v as ε↘ 0, but
in contrast to v it is a strict supersolution of the Ricci flow (2.7):(
∂
∂t
vε − e−2vε∆vε
)
(t, z) =
1
εt+ 1
(
∂
∂t
v − e−2v∆v
)(
1
ε
log(εt+ 1), z
)
+
ε
2(εt+ 1)
=
ε
2(εt+ 1)
> 0 for (t, z) ∈ [0, T ]× U . (2.16)
We are going to prove (vε− u) ≥ 0 on [0, T ]×U and conclude the theorem’s statement
by letting ε↘ 0.
Now assume that (vε−u) becomes negative in [0, T ]×U ; hence, for every sufficiently
small η > 0 define the time tη at which (vε − u) first becomes smaller than −η by
tη := inf
{
t ∈ [0, T ] : min
z∈U
(
vε − u
)
(t, z) ≤ −η
}
∈ (0, T ).
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Then there exists a minimum zη ∈ U of
(
vε − u
)
(tη, · ) where(
vε − u
)
(tη, zη) = −η, ∆
(
vε − u
)
(tη, zη) ≥ 0 and ∂
∂t
(
vε − u
)
(tη, zη) ≤ 0.
Subtracting the Ricci flow equation for u (2.7) from (2.16) at this point (tη, zη), we find
0 <
ε
2(εT + 1)
≤
(
∂
∂t
vε − e−2vε∆vε
)
(tη, zη)−
(
∂
∂t
u− e−2u∆u
)
(tη, zη)
=
(
∂
∂t
(
vε − u
)− e−2u∆(vε − u)− (e−2vε − e−2u)∆vε)(tη, zη)
≤
((
1− e2η) e−2u∆vε)(tη, zη) η↘0−→ 0 ()
which is a contradiction. Therefore vε ≥ u on [0, T ]× U , and the corresponding state-
ment for v follows by letting ε↘ 0.
Corollary 2.3.2 (Direct comparison principle II [Top11, Theorem B.1]). Let U b C be
an open, bounded domain and for some T > 0 let u ∈ C1,2((0, T )× U) ∩ C([0, T ]× U)
and v ∈ C1,2((0, T )×U)∩C([0, T ]×U) both be solutions of the Ricci flow equation for
the flat metric’s conformal factor (2.7). Furthermore, suppose that there exists some
function V ∈ C(U) with V (z) → ∞ as z → ∂U such that for each t ∈ [0, T ] we have
v(t, z) ≥ V (z) for all z ∈ U . If v(0, z) ≥ u(0, z) for all z ∈ U , then v ≥ u on [0, T ]×U .
Proof. Since by hypothesis u is continuous on [0, T ] × U and v(t, ·) ≥ V for each
t ∈ [0, T ], where V blows up near the boundary ∂U , there must exist a subdomain
U ′ b U such that (
v − u) ≥ 1 throughout [0, T ]× (U \ U ′).
Therefore, we can apply Theorem 2.3.1 in order to compare u and v on [0, T ]×U ′.
2.3.2 Geometric maximum principles
In Section 4.4.2 we are going to use the following maximum principle in order to prove
a geometric comparison principle for conformally hyperbolic Ricci flows on surfaces.
Theorem 2.3.3 (Variant of [CCG+08, Theorem 12.10]). Let
(Mn, g˜) be a complete
Riemannian manifold with
∣∣Rmg˜∣∣ ≤ κ < ∞, and for some T > 0 and δ > 0 let(
g(t)
)
t∈[0,T ] be a family of complete metrics on M such that g(t) ≥ δg˜ for all t ∈ [0, T ].
Further let
(
X(t)
)
t∈[0,T ] ∈ X(M) be a smooth family of bounded vector fields on M
with
∣∣X(t)∣∣
g˜
≤ b1 < ∞ for all t ∈ [0, T ]. For some integrable function f ∈ L1
(
[0, T ]
)
let u ∈ C1,2([0, T ]×M) satisfy(
∂
∂t
−∆g(t) −X(t)
)
u(t, ·) ≤ f(t)u(t, ·) wherever u(t, ·) ≥ 0, (2.17)
and for some b2 <∞ and o ∈M
u(t, p) ≤ eb2
(
distg˜(o,p)+1
)
for all (t, p) ∈ [0, T ]×M. (2.18)
If u(0) ≤ 0, then u(t) ≤ 0 for all t ∈ [0, T ].
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Proof. Similar to the proof of [CCG+08, Theorem 12.10] we replace the solution u by
u˜(t, p) := e−
´ t
0 f(τ) dτu(t, p),
such that (2.17) becomes(
∂
∂t
−∆g(t) −X(t)
)
u˜(t, ·) ≤ 0 wherever u˜(t, ·) ≥ 0. (2.17*)
Then the theorem’s statement is a direct consequence of [CCG+08, Theorem 12.10];
alternatively, we could follow the proof of the very same theorem whilst using the
function u˜ from above.
PDE-ODE comparison
The following comparison principle allows us to compare the solution of a semi-linear
parabolic equation with Ricci flow background to the solution of the associated ordinary
differential equation.
Theorem 2.3.4 ([CCG+08, Theorem 12.14]). Let
(
g(t)
)
t∈[0,T ] be a complete Ricci flow
on a manifoldMn with ∣∣Rmg(t)∣∣ ≤ κ0 for some κ0 > 0. Furthermore, let (X(t))t∈[0,T ] ∈
X(M) be a smooth family of g(t)-bounded vector fields onM and F ∈ C([0, T ]×R) such
that w 7→ F (t, w) is locally Lipschitz for all t ∈ [0, T ]. Suppose that u ∈ C1,2([0, T ]×M)
satisfies
∂
∂t
u ≤ ∆g(t)u+
〈
X(t), du
〉
+ F
(
t, u
)
(2.19)
and
∣∣u(t, p)∣∣ ≤ eb(distg(t)(o,p)+1) for some point o ∈M and constant b <∞. Finally, for
some U0 ∈ R and T˜ > 0, let U ∈ C1
(
[0, T˜ )
)
be the maximal solution of the ordinary
differential equation 
∂
∂t
U(t) = F
(
t, U(t)
)
U(0) = U0.
(2.20)
If u(0, p) ≤ U0 for all p ∈M, then u(t, p) ≤ U(t) for all (t, p) ∈
[
0,min{T˜ , T}]×M.
2.4 Classical theory of the Ricci flow
Hamilton’s original proof of short-time existence in the compact setting relies on quite
complicated arguments including the Nash-Moser inverse function theorem because the
evolution equation (2.1) is only weakly parabolic due to the diffeomorphism invariance
of the Ricci tensor. Shortly after, Dennis DeTurck observed that this degeneracy
can be broken by a slight modification of the equation; in fact, one adds the Lie deriva-
tive of a certain (time-dependent) vector field to the right-hand side of (1.1) and the
now strictly parabolic equation can be solved by standard parabolic methods. Pulling
back this solution by diffeomorphisms generated by those vector fields, one obtains the
desired solution to the original problem. Consequently, this method has become known
as the DeTurck trick.‡ Along with the corresponding results by Shi, Chen and Zhu
‡Note that on compact surfaces one can alternatively apply standard parabolic existence theory
to the scalar partial differential equation (2.5) for the metric’s conformal factor which is always non-
degenerated in this compact setting.
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for the non-compact but complete and bounded curvature setting, we summarise the
classical theory in the following theorem.
Theorem 2.4.1 (Existence and uniqueness. Hamilton [Ham82]; DeTurck [DeT03];
Shi [Shi89]; Chen and Zhu [CZ06]). Given a complete Riemannian manifold
(Mn, g0)
with bounded curvature
∣∣Rmg0∣∣ ≤ κ0, there exists a T > 0 depending only on n and κ0,
and a Ricci flow
(
g(t)
)
t∈[0,T ] with g(0) = g0, bounded curvature and for which
(M, g(t))
is complete for each t ∈ [0, T ]. Moreover, any other complete, bounded curvature Ricci
flow
(
g2(t)
)
t∈[0,T2] with g2(0) = g0 must agree with
(
g(t)
)
t∈[0,T ] while both flows exist.
Consequently, we can state Hamilton’s long time existence result [Ham82, Theorem
14.1] in the more general setting of complete Ricci flows on either compact or non-
compact manifolds.
Corollary 2.4.2 (Extension of a solution). For some T ∈ (0,∞) and κ ∈ (0,∞)
let
(
g(t)
)
t∈[0,T ] be a complete Ricci flow on a manifold Mn with bounded curvature∣∣Rmg(t)∣∣ ≤ κ for all t ∈ [0, T ]. Then there exist constants τ = τ(κ, n) > 0, κˆ =
κˆ(κ, n) < ∞ and a smooth complete extension (gˆ(t))
t∈[0,T+τ ] such that gˆ(t) = g(t) for
all t ∈ [0, T ] and ∣∣Rmgˆ(t)∣∣ ≤ κˆ for all t ∈ [T, T + τ ].
Moreover, if for some τ2 > 0 there exists another such complete extension
(
gˆ2(t)
)
t∈[0,T+τ2]
with bounded curvature and g(t) = gˆ2(t) for all t ∈ [0, T ], then gˆ(t) = gˆ2(t) for all
t ∈ [0, T +min{τ, τ2}].
Proof. By Theorem 2.4.1 there exist a constant τ = τ(κ, n) > 0 and a complete Ricci
flow
(
gˆ(t)
)
t∈[T,T+τ ] starting at gˆ(T ) = g(T ) with bounded curvature
∣∣Rmgˆ(t)∣∣ ≤ κˆ <
∞ for all t ∈ [T, T + τ ]. Combining both solutions we obtain the desired extension(
gˆ(t)
)
t∈[0,T+τ ] by setting gˆ(t) = g(t) for all t ∈ [0, T ).
If
(
gˆ2(t)
)
t∈[0,T+τ2], for some τ2 > 0, is another complete Ricci flow with bounded
curvature extending
(
g(t)
)
t∈[0,T ], then gˆ2(t) = gˆ(t) for all t ∈
[
0, T + min{τ, τ2}] by
Theorem 2.4.1.
2.5 A priori curvature estimates
Applying the comparison principle Theorem 2.3.4 to the evolution of the Gaussian
curvature under Ricci flow (2.14), we obtain curvature estimates under the condition
that the Ricci flow is complete and has bounded curvature.
Proposition 2.5.1. Let
(
g(t)
)
t∈[0,T ] be a complete Ricci flow with bounded curvature
on a surface M2. With κ± := supM
[±Kg(0)]+ we have
− 1
2t+ κ−1−
if κ− > 0
0 if κ− = 0
 ≤ Kg(t) ≤

1
κ−1+ − 2t
if κ+ > 0
0 if κ+ = 0
(2.21)
for all t ∈ [0, T ] or t ∈ [0, T ] ∩ [0, 1/2κ+) respectively.
Chen generalised this result by estimating the scalar curvature of a Ricci flow from
below without requiring anything but the completeness of the solution. Since one does
not have a maximum principle in this situation with possibly unbounded curvature, he
uses an idea of Perelman [Per02, §8] and localises the problem by smoothly cutting
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off the scalar curvature with respect to the time-dependent distance to a fixed point
such that the standard maximum principle is applicable.
Theorem 2.5.2 (Chen [Che09, Corollary 2.3(i)]). Let
(
g(t)
)
t∈[0,T ] be a smooth com-
plete Ricci flow on a manifold Mn. If Rg(0) ≥ −κ for some κ ∈ [0,∞], then
Rg(t) ≥ −
n
2t+ nκ
for all t ∈ [0, T ]. (2.22)
Choosing κ = ∞ in the theorem, we can easily transfer (2.22) to our situation of an
instantaneously complete Ricci flow on a surface.
Corollary 2.5.3. Let
(
g(t)
)
t∈[0,T ] be a smooth instantaneously complete Ricci flow on
a surface M2. Then
Kg(t) ≥ −
1
2t
for all t ∈ (0, T ]. (2.23)
2.6 Pseudolocality
A more elaborate argument of Chen leads to the following pseudolocality-type result
giving two-sided estimates on the curvature.
Theorem 2.6.1 (Chen [Che09, Proposition 3.9]). Let
(
g(t)
)
t∈[0,T ] be a Ricci flow on
a surface M2. If we have for some p ∈M, r0 > 0 and v0 > 0
(i) Bg(t)(p; r0) bM for all t ∈ [0, T ];
(ii)
∣∣∣Kg(0)∣∣∣ ≤ r−20 on Bg(0)(p; r0);
(iii) volg(0) Bg(0)(p; r0) ≥ v0r20,
then there exists a constant C = C(v0) > 0 such that for all t ∈
[
0,min
{
T, 1C r
2
0
}]
∣∣∣Kg(t)∣∣∣ ≤ 2r−20 on Bg(t)(p; r02 ).
Corollary 2.6.2. For some constants κ0 <∞ and v0 > 0 let
(
g(t)
)
t∈[0,T ] be a complete
Ricci flow on a surface M2 such that ∣∣Kg(0)∣∣ ≤ κ0 and volg(0) Bg(0)(p; 1) ≥ v0 for all
p ∈M. Then there exists a constant C = C(v0, κ0) <∞ such that∣∣∣Kg(t)∣∣∣ ≤ C for all t ∈ [0,min{T, κ−10 }].
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Chapter 3
Ricci flow on the 2-sphere
This and the next chapter are about (instantaneously complete) Ricci flows on simply
connected surfaces, which can be classified by virtue of the uniformisation theorem to
be conformally equivalent either to the compact sphere (this chapter), the non-compact
flat plane or the non-compact hyperbolic disc (Chapter 4). Since the compact sphere
S2 does not admit any incomplete metric, the theory of instantaneously complete Ricci
flows on compact surfaces coincides with the classical one.
3.1 Ricci flow on compact surfaces
The following theorem summarises the theory of normalised Ricci flows on compact
surfaces.
Theorem 3.1.1 (Hamilton [Ham88]; Chow [Cho91]). Let
(M2, g0) be a smooth,
compact Riemannian surface without boundary. Then there exists a unique solution(
g¯(t¯)
)
t¯∈[0,∞) of the normalised Ricci flow
∂
∂t¯
g¯(t¯) = −2
(
Kg¯(t¯) − κ¯
)
g¯(t¯)
g¯(0) = g0.
(3.1)
where κ¯ = −´MKg0 dµg0 is the average Gaussian curvature. Moreover, let g∞ be the
conformally equivalent (to g0) metric of constant curvature Kg∞ ≡ κ¯. Then g¯(t¯) con-
verges smoothly and exponentially fast to g∞ as t¯→∞, i.e. for each k ∈ N0 there are
constants c = c(g0) > 0 and C = C(k, g0) <∞ such that∥∥∥g¯(t¯)− g∞∥∥∥
Ck(M,g0)
≤ C e−ct¯ for all t¯ ∈ [0,∞). (3.2)
Whilst Hamilton [Ham82] showed short-time existence and uniqueness for compact
manifolds (of arbitrary dimension) (→ §2.4), in [Ham88, §4] he used the evolution of
the potential of curvature (→ §3.4.2) and derived quantities in order to obtain (time-
dependent) curvature bounds for all time and hence long-time existence (→ Corollary
2.4.2). In the cases of non-positive Euler characteristic χ(M) ≤ 0, the curvature bounds
are also uniform in time, and if χ(M) < 0, we already have exponential convergence.
The case of χ(M) = 0 requires a slightly more detailed analysis (see [Ham88, §5] or
[Gie07, §5.3] for an alternative approach without using the uniformisation theorem).
However, the case of positive Euler characteristic χ(M) > 0 turns out to be much
more involved. In fact, if additionally the initial curvature is non-negative, Hamilton
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developed in [Ham88] an entropy estimate to prove uniform bounds for the Gaussian
curvature, and a differential Harnack inequality to gain (after some time) a strictly
positive lower bound to the curvature, which is necessary to show convergence to a
shrinking gradient Ricci soliton (cf. the proofs of Proposition 3.4.4 and Theorem 3.4.5
below). But the only shrinking gradient Ricci soliton in two dimensions is a spherical
space form, concluding the proof of Theorem 3.1.1 provided that the curvature of the
initial surface was non-negative.
Then again in case of arbitrary initial curvature, Chow [Cho91] generalised Hamil-
ton’s entropy and differential Harnack inequality to this setting and additionally proved
a lower bound for the injectivity radius, which in this case does not follow from Klin-
genberg’s Theorem and which is needed to show the uniform bound of the curvature.
This concluded the proof of Theorem 3.1.1.
In an alternative approach [Ham95c], Hamilton showed whenM = S2, the mono-
tonicity of the isoperimetric constant of the sphere, using the curve shrinking flow
on a Ricci flow background. This can be utilised to show a uniform lower bound of
the injectivity radius which allows to apply singularity analysis [Ham95b] to conclude
convergence of the rescaled flow to the shrinking sphere. Alternatively, one could use
techniques from Perelman (e.g. the monoticity of the W-entropy under Ricci flow
[Per02, §3]) in order to exclude a local collapse of the metric.
Note, that there is a proof of Theorem 3.1.1 which does not rely on the uniformi-
sation theorem;∗ on the contrary, the theorem recovers the uniformisation theorem for
compact surfaces. See [CK04, §5] or [Gie07] for a detailed survey on the results and
techniques mentioned above.
Overview
Since the original proof of Hamilton and Chow is quite intricate, and since we are
only interested in the case of the simply connected sphere M = S2, we are going to
present here a much shorter and very elegant variant [BSY94] by J. Bartz, Michael
Struwe and Rugang Ye. The key to this approach is a uniform gradient estimate
for the Ricci flow’s conformal factor (→ Theorem 3.2.3), whose proof is an adaption of
those in [Ye94] for the Yamabe flow in higher dimensions. It relies on the Aleksandrov
reflection method, which was first exploited to this extent in an elliptic setting by
Basilis Gidas, Wei-Ming Ni and Louis Nirenberg [GNN79, §4]. However, it can
be extended to conformally invariant, uniformly parabolic flows since it just requires
the strong maximum principle and the Hopf boundary point lemma. Chow proved
a more general variant [Cho97, §3], which relies only on the weak maximum principle
and hence extends even to degenerate parabolic, conformally invariant flows. This will
be the contents of Subsection 3.2.2 and the proof of Theorem 3.2.3.
The rest of the chapter follows [BSY94]: The gradient estimate implies a Harnack
inequality (→ Corollary 3.2.4) which can be exploited to show uniform Ck-bounds of the
Ricci flow’s conformal factor (→ Proposition 3.2.5) and curvature (→ Corollary 3.2.6).
These ensure long-time existence and uniqueness. The convergence of the curvature
(→ §3.4.1) is also a consequence of the a priori Ck-bounds for the flows’s conformal
factor. Finally, an argument as in Hamilton’s original approach in [Ham88, §9] yields
∗In a short note [CLT06], Xiuxiong Chen, Peng Lu and Gang Tian showed without using the
uniformisation theorem, that the only shrinking gradient Ricci soliton in two dimensions is the spherical
space form.
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exponential and smooth convergence of the normalised Ricci flow to the round sphere
(→ §3.4.2 and §3.4.3).
Note that more recently, Struwe gave an even more elementary and shorter self-
containing proof of existence and convergence to the round sphere [Str02]. Instead
of using the maximum principle, it is based on elementary integral estimates. This
approach was inspired by Xiuxiong Chen’s work on the analogical problem for the
Calabi flow [Che01].
3.2 A priori estimates
3.2.1 Normalised Ricci flow on the 2-sphere
Given a Ricci flow
(
g(t)
)
t∈[0,τ ] we choose ψ(t) =
1
2(T−t) and t0 = 0 in Proposition 2.2.3
where T = 18pi volg(0) S
2, and obtain κ¯ = 1 in (2.11), i.e.
∂
∂t¯
g¯(t¯) = −2(Kg¯(t¯) − 1)g¯(t¯). (3.3)
Consequently, we have the conversions between normalised and unnormalised Ricci flow
g¯
(
t¯(t)
)
=
1
2(T − t)g(t) and t¯(t) =
1
2
log
T
T − t for all t ∈ [0, τ ]
g
(
t(t¯)
)
= 2T e−2t¯g¯(t¯) and t(t¯) = T
(
1− e−2t¯
)
for all t¯ ∈ [0, τ¯ ]
(3.4)
with τ¯ = 12 log
T
T−τ . Note, that in contrast to the classical theory for Ricci flows
on compact surfaces (→ Theorem 3.1.1), where κ¯ = −´MKg(0) dµg(0) and the initial
metrics of normalised and unnormalised flow do not differ, here the normalised metric
is initially rescaled by 12T . Consequently with the above choice of T , we have fixed the
initial volume to be that of the round unit sphere, i.e. volg¯(0) S2 = 4pi. By integrating
the evolution of the volume under normalised Ricci flow (→ Proposition 2.2.6) and
using the Gauß-Bonnet Theorem A.1.1, one observes that with the above choice of
T = 18pi volg(0) S
2 the volume stays constant under the normalised flow
volg¯(t¯) S2
(2.15)
= volg¯(0) S2 − 2t¯
ˆ
S2
(
Kg¯(t¯) − 1
)
dµg¯(t¯)
(A.1)
= 4pi(1− 2t¯) + 2t¯ volg¯(t¯) S2,
=⇒ volg¯(t¯) S2 = 4pi for all t¯ ∈
[
0, τ¯
]
. (3.5)
If we write e2u¯(t¯)gS = g¯(t¯) for all t¯ ∈ [0, τ¯ ], then
∂
∂t¯
u¯ = e−2u¯ (∆gS u¯− 1) + 1. (3.6)
3.2.2 Aleksandrov reflection method on the n-sphere
In order to discuss the Aleksandrov reflection on the n-sphere
(
Sn, e2ugS
)
, we fix a
point p ∈ Sn and consider the embedded unit sphere Sn ⊂ (Rn+1, 〈·, ·〉) such that
p = (0, . . . , 0, 1) is the north pole. We will correlate points q ∈ Sn with unit-length
vectors in q ∈ (Rn+1, 〈·, ·〉). Further, let Snp,+ := {q ∈ Sn : 〈q,p〉 ≥ 0} denote the half
sphere around p and ∂Snp,+ :=
{
q ∈ Sn : 〈q,p〉 = 0} the associated equator. This way,
we can assign a unique vector field Ep ∈ X
(
Sn \ {p,−p}) such that it coincides with p
on the equator and extends via parallel transport with respect to the round metric gS
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p
(
Sn, gS
)
p
(
Sn, ϕ∗p,α gS
)
p
(
Sn, ρ∗pϕ∗p,α gS
)
Figure 3.1: Aleksandrov reflection on the round sphere
(
Sn, gS
)
with α = 14 .
to the whole sphere punctured at its poles Sn \ {p,−p}. The associated stereographic
projection map σp : Sn\{p} → Rn×{0} ⊂ Rn+1 and its inverse σ−1p : Rn×{0} → Sn\{p}
are given by
σp(q) =
q − 〈p, q〉p
1− 〈p, q〉 and σ
−1
p (y) =
2y +
(|y|2 − 1)p
|y|2 + 1 . (3.7)
Now we can specify two conformal diffeomorphisms on
(
Sn, g
)
: For α ∈ (0,∞) we define
the conformal dilation ϕp,α : Sn → Sn and the reflection about the equator ρp : Sn → Sn
by
ϕp,α(q) := σ
−1
p
(
α · σp(q)
)
=
2αq +
(
α2 − 1 + (α− 1)2〈p, q〉)p
α2 + 1 + (α2 − 1) 〈p, q〉
and ρp(q) := q − 2〈p, q〉p
(3.8)
for all q ∈ Sn. For α < 1 the conformal dilation ϕp,α takes points closer to the antipode
of p, while the pullback metric ϕ∗p,αg is concentrated near p. This is illustrated in Figure
3.1, where the latitudes on each sphere are equidistant (with distance pi12). Finally using
|σp(q)|2 = 1+〈p,q〉1−〈p,q〉 , we calculate the conformal factor up,α ∈ C∞(Sn) of the pullback
metric
e2up,α(q) gS := ϕ
∗
p,α
(
e2u gS
)
q
= σ∗p
(
α2e2u◦σ
−1
p (αy)
4
(|αy|2 + 1)2 gE
)
y=σp(q)
= e2u◦ϕp,α(q)
4α2
(α2|σp(q)|2 + 1)2
·
(|σp(q)|2 + 1)2
4
gS
= e2u◦ϕp,α(q)
4α2
(α2 + 1 + (α2 − 1)〈p, q〉)2 gS (3.9)
and hence the pushforward of the vector field Ep(
ϕp,α
)
∗qEp(q) =
2α
α2 + 1 + (α2 − 1)〈p, q〉 Ep
(
ϕp,α(q)
)
for all q ∈ Sn \ {p,−p}. (3.10)
Lemma 3.2.1 (Aleksandrov reflection). For any sphere
(
Sn, g
)
there exists a constant
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α0 ∈ (0, 1) such that for all α ∈ (0, α0] and points p ∈ Sn,
ϕ∗p,α g ≥ ρ∗pϕ∗p,α g on Snp,+. (3.11)
Although the result seems to be quite obvious, its proof is lengthy and technical, even
though it is elementary. Therefore we omit it and refer to [Cho97, Proposition 3.1] for
details. Note, if g = e2ugS in Lemma 3.2.1, then we can rephrase (3.11) in terms of the
conformal factor u using the notation (3.9),
up,α ≥ up,α ◦ ρp on Snp,+. (3.11*)
The Aleksandrov reflection implies a gradient bound of the conformal factor.
Proposition 3.2.2 ([Cho97, pp. 403–405]). For some α0 ∈ (0, 1) let e2ugS satisfy the
Aleksandrov reflection (3.11) for all α ∈ (0, α0] and p ∈ Sn. Then,∣∣∣∇u∣∣∣
gS
≤ 1− α
2
0
2α0
. (3.12)
Proof. For any p ∈ Sn, the Aleksandrov reflection (3.11*) and the gradient of up,α
imply for all q ∈ ∂Snp,+ on the equator and α ∈ (0, α0]
0 ≤ 〈∇up,α(q),p〉
= d
(
u ◦ ϕp,α
)
q
Ep(q) +
(
1− α2) 〈∇〈p, q〉,p〉
α2 + 1 + (α2 − 1) 〈p, q〉
= (du)ϕp,α(q)
(
ϕp,α
)
∗qEp(q) +
(
1− α2)
α2 + 1
=
2α
α2 + 1
〈∇u(ϕp,α(q)),Ep(ϕp,α(q))〉+ (1− α2)
α2 + 1
,
where we used (3.9), 〈p, q〉 = 0, 〈∇〈p, q〉,p〉 = 1 and (3.10). Therefore, for any
p, q ∈ Sn with 〈p, q〉 = 0 we have〈
∇u,Ep
〉(
ϕp,α0(q)
) ≥ −1− α20
2α0
. (3.13)
In order to transform this estimate into (3.12), we fix a point p0 ∈ Sn and consider the
two subsets
Qα(p0) :=
{
q ∈ Sn : ϕp,α(q) = p0 for some p ∈ Sn with 〈p, q〉 = 0
}
(3.8)
=
{
q ∈ Sn : 〈q,p0〉 =
2α
α2 + 1
}
and Pα(p0) :=
{
p ∈ Sn : ϕp,α(q) = p0 for some q ∈ Sn with 〈p, q〉 = 0
}
(3.8)
=
{
p ∈ Sn : 〈p,p0〉 =
α2 − 1
α2 + 1
}
,
which are (n−1)-spheres centered at p0 (→ Figure 3.2). Therefore, for every unit-length
vector v ∈ TSnp0 there are unique points pv ∈ Pα0(p0) and qv ∈ Qα0(p0) such that
Epv(p0) = v and 〈qv,pv〉 = 0. Because p0 ∈ Sn was chosen arbitrarily, we conclude
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qv
pv
v
Pα(p0)
Qα(p0)
p0
Figure 3.2: The (n− 1)-spheres Qα(p0) and Pα(p0) for α = 14 .
(3.12) since for all unit-length vectors v ∈ TSnp0 we have〈∇u(p0),v〉 = 〈∇u(p0),Epv(p0)〉
=
〈
∇u(ϕpv ,α0(qv)),Epv(ϕpv ,α0(qv))〉 (3.13)≥ −1− α202α0 .
3.2.3 Gradient estimate
Returning to the normalised Ricci flow on the two-sphere, we can exploit the Aleksan-
drov reflection method in order to show a uniform bound to the gradient of the metric’s
conformal factor which depends only on the initial metric.
Theorem 3.2.3 ([BSY94, Proposition 2.2]). For some T¯ > 0 let
(
e2u¯(t¯)gS
)
t¯∈[0,T¯ ] be a
normalised Ricci flow on S2. Then there exists a constant C = C
(
u(0)
)
<∞ such that∣∣∣∇u¯(t¯)∣∣∣
gS
≤ C for all t¯ ∈ [0, T¯ ]. (3.14)
In contrast to the original variant in [BSY94] we are going to present a proof by Chow
which relies only on the weak maximum principle; therefore, it can be generalised to
arbitrary weakly parabolic and conformal flows (→ [Cho97, Theorem 3.2]).
Proof. Lemma 3.2.1 applied to e2u¯(0)gS yields a constant α0 ∈ (0, 1) such that for all
α ∈ (0, α0] and p ∈ S2
ϕ∗p,α
(
e2u¯(0)gS
)
≥ ρ∗pϕ∗p,α
(
e2u¯(0)gS
)
on S2p,+.
Note, that both ϕ∗p,α
(
e2u¯(t¯)gS
)
= e2u¯p,α(t¯)gS and ρ
∗
pϕ
∗
p,α
(
e2u¯(t¯)gS
)
= e2(u¯p,α(t¯)◦ρp)gS are
again solutions of the normalised Ricci flow (3.3), because ϕp,α and ρp are conformal
maps. Since ρp(q) = q for all q ∈ ∂S2p,+, we can apply a direct comparison principle
(Theorem 2.3.1) for solutions of (3.6)† in order to compare u¯p,α(t¯) and u¯p,α(t¯) ◦ ρp on
S2p,+, and conclude that for all α ∈ (0, α0] and (t¯, p) ∈ [0, T¯ ]× S2
ϕ∗p,α
(
e2u¯(t¯)gS
)
≥ ρ∗pϕ∗p,α
(
e2u¯(t¯)gS
)
on S2p,+.
†By choosing a chart on the S2p,+, it is not hard to see that Theorem 2.3.1 also applies to solutions
of the normalised equation with a spherical background metric (3.3).
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By virtue of Proposition 3.2.2, this is equivalent to (3.14) with C :=
1−α20
2α0
.
Integrating (3.14) along a distance realising geodesic from the minimum to the maxi-
mum of u¯(t¯) yields the following Harnack inequality.
Corollary 3.2.4 ([BSY94, Eq. (16)]). For some T¯ > 0 let
(
e2u¯(t¯)gS
)
t¯∈[0,T¯ ] be a nor-
malised Ricci flow on S2. Then there exists a constant C = C
(
u(0)
)
<∞ such that
max
S2
e2u¯(t¯) ≤ Cmin
S2
e2u¯(t¯) for all t¯ ∈ [0, T¯ ]. (3.15)
Proof. Fix t¯ ∈ [0, T¯ ]. Let p+, p− ∈ S2 be the maximum and minimum of u¯(t¯), i.e.,
u¯
(
t¯, p±
)
= ±maxp∈S2 ±u¯(t¯, p), and let γ ∈ C∞
(
[0, 1], S2
)
be the gS-geodesic realising
the distance from p− = γ(0) to p+ = γ(1). With the constant C˜ < ∞ from Theorem
3.2.3 we estimate
u¯(t¯, p+)− u¯(t¯, p−) =
ˆ 1
0
〈
∇u¯(t¯, γ(s)), γ˙(s)〉 ds ≤ piC˜,
and (3.15) follows with C = e2piC˜ .
3.2.4 Ck bounds
This Harnack inequality allows us to conclude a uniform C0-bound for the normalised
Ricci flow’s conformal factor using the constancy of the volume, which can be boot-
strapped into Ck estimates.
Proposition 3.2.5 ([BSY94, p. 480]). For some T¯ > 0 let
(
e2u¯(t¯)gS
)
t¯∈[0,T¯ ] be a nor-
malised Ricci flow on S2. Then, for each k ∈ N0 there exists a constant Ck =
Ck
(
k, u¯(0)
)
<∞ such that∥∥∥u¯(t¯)∥∥∥
Ck(S2,gS)
≤ Ck for all t¯ ∈ [0, T¯ ]. (3.16)
Proof. Using the Harnack inequality (Corollary 3.2.4) with constant C ∈ [1,∞), we
estimate
1
(3.5)
=
´
S2 e
2u¯(t¯) dµgS
4pi
≤ max
S2
e2u¯(t¯)
(3.15)
≤ Cmin
S2
e2u¯(t¯) ≤ C
´
S2 e
2u¯(t¯) dµgS
4pi
(3.5)
= C,
=⇒
∣∣∣u¯(t¯)∣∣∣ ≤ C0 := 1
2
logC for all t¯ ∈ [0, T¯ ]. (3.17)
Along with (3.14) we get a Ho¨lder bound on u¯(t¯), which can be bootstrapped using
parabolic Schauder estimates (Corollary B.2.2) to obtain the Ck-estimates (3.16).
Using the relation Kg = −e−2u (∆gSu− 1) for g = e2ugS (→ Lemma 2.2.1), we obtain
also uniform Ck-estimates for the curvature.
Corollary 3.2.6. For some T¯ > 0 let
(
g¯(t¯)
)
t¯∈[0,T¯ ] be a normalised Ricci flow on the
sphere
(
S2, gS). Then, for each k ∈ N0 there exists a constant Ck = Ck
(
k, g¯(0)
)
< ∞
such that ∥∥∥Kg¯(t¯)∥∥∥
Ck
(
S2,g¯(t¯)
) ≤ Ck for all t¯ ∈ [0, T¯ ]. (3.18)
24 3. Ricci flow on the 2-sphere
Using (3.4) we convert (3.18) into an a priori curvature bound of the unnormalised
flow.
Remark 3.2.7. For some τ > 0 let
(
g(t)
)
t∈[0,τ ] be a Ricci flow on the sphere
(
S2, gS
)
.
Then there exists a constant C = C
(
g(0)
)
<∞ such that∣∣∣Kg(t)∣∣∣ ≤ CT − t for all t ∈ [0, τ ] (3.19)
where T = 18pi volg(0) S
2.
3.3 Existence and uniqueness
Lemma 3.3.1. Let
(
g(t)
)
t∈[0,Tˆ ) be a Ricci flow on the sphere S
2. Then Tˆ ≤ T =
1
8pi volg(0) S
2 and
volg(t) S2 = 8pi(T − t) for all t ∈ [0, Tˆ ). (3.20)
Proof. Integrating (2.15) and using the Gauß-Bonnet Theorem A.1.1, we obtain
volg(t) S2 = volg(0) S2 − 2
ˆ t
0
ˆ
S2
Kg(τ) dµg(τ) dτ = 8piT − 4pi χ(S2) t for all t ∈ [0, Tˆ ).
Hence, any solution extinguishes no later than T = 18pi volg0 S
2.
Theorem 3.3.2 (Long-time existence and uniqueness of Ricci flows on the 2-sphere). Let
g0 be a smooth Riemannian metric on the sphere S2. Then there exists a unique Ricci
flow
(
g(t)
)
t∈[0,T ) with g(0) = g0 up to a maximal time T =
1
8pi volg0 S
2. Moreover, we
have the volume equation (3.20) for all t ∈ [0, T ).
Proof. Since S2 is compact, Hamilton’s Theorem 2.4.1 provides a unique Ricci flow(
g(t)
)
t∈[0,T1] with g(0) = g0 up to a time T1 ∈ (0, T ). Using Corollary 2.4.2 to gradually
continue the flow, we obtain an extended solution
(
g(t)
)
t∈[0,T∞) up to a maximal time
T∞ ≤ T . Assuming T∞ < T , by (3.19) there is a constant C <∞ such that Gaussian
curvature
∣∣Kg(t)∣∣ ≤ CT−T∞ =: κ <∞ is bounded uniformly for all t ∈ [0, T∞). Again by
Corollary 2.4.2 there is a constant τ > 0 depending only on κ such that we can uniquely
extend the solution
(
g(t)
)
t∈[0,T∞−τ/2] to exist for all t ∈ [0, T∞ + τ/2], contradicting the
maximality of T∞.
Note, that alternatively one could apply directly standard parabolic existence theory
to the evolution equation (3.6) for the conformal factor u, because due to the compact
domain, the equation is not degenerated and any solution stays bounded by virtue of
the a priori estimates (Proposition 3.2.5). An entirely trivial consequence of the above
uniqueness result is:
Corollary 3.3.3. Any Ricci flow
(
g(t)
)
t∈[0,T ) on the sphere S
2 is both complete and
maximally stretched.
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3.4 Long-time behaviour
3.4.1 Convergence of the curvature
Lemma 3.4.1 ([BSY94, Eq. 19]). Let
(
g¯(t¯)
)
t¯∈[0,∞) be a normalised Ricci flow on the
sphere
(
S2, gS
)
. Then there is a constant C = C
(
g¯(0)
)
<∞ such that
ˆ ∞
0
∥∥∥Kg¯(t¯) − 1∥∥∥2
L2
(
S2, g¯(t¯)
) dt¯ ≤ C. (3.21)
Proof. Writing g¯(t¯) = e2u¯(t¯)gS for all t¯ ∈ [0,∞), from (3.6) we calculate
ˆ
S2
(
Kg¯ − 1
)2
dµg¯ =
ˆ
S2
∂u¯
∂t¯
∂u¯
∂t¯
e2u¯ dµgS
=
ˆ
S2
(
∆gS u¯− 1 + e2u¯
) ∂u¯
∂t¯
dµgS
= −
ˆ
S2
(〈
∇u¯, ∂
∂t¯
∇u¯
〉
gS
+
∂u¯
∂t¯
)
dµgS +
d
dt¯
ˆ
S2
1
2
dµg¯
= − d
dt¯
ˆ
S2
(
1
2
∣∣∇u¯∣∣2
gS
+ u¯
)
dµgS =: −
d
dt¯
E(t¯), (3.22)
using the constancy of the volume of the normalised flow. To show (3.21) we integrate
(3.22) and estimate using Proposition 3.2.5 with constants C0, C1 ∈ (0,∞) depending
only on g¯(0)
ˆ ∞
0
∥∥∥Kg¯(t¯) − 1∥∥∥2
L2
(
S2, g¯(t¯)
) dt¯ ≤ E(0)− sup
t¯∈[0,∞)
E(t¯) ≤ C = C(C0, C1) <∞.
Corollary 3.4.2 ([BSY94, p. 481]). Let
(
g¯(t¯)
)
t¯∈[0,∞) be a normalised Ricci flow on(
S2, gS
)
. Then
sup
S2
∣∣∣Kg¯(t¯) − 1∣∣∣ t¯→∞−→ 0. (3.23)
Proof. Combining Corollary 3.2.6 with the evolution (2.14) of Kg¯(t¯) yields a uniform
(in t¯) bound on ∂∂t¯Kg¯(t¯). Hence, there is a constant C = C
(
g¯(0)
) ∈ (0,∞) such that∣∣∣∣ ∂∂t¯ ∥∥Kg¯(t¯) − 1∥∥2L2(S2,g¯(t¯))
∣∣∣∣ ≤ C. (3.24)
This gradient bound and Lemma 3.4.1 imply
lim
t¯→∞
∥∥Kg¯(t¯) − 1∥∥2L2(S2,g¯(t¯)) = 0. (3.25)
Using again the uniform Ck estimates from Corollary 3.2.6 we can interpolate (using
e.g. [GT98, Theorem 7.28]) to obtain the convergence with respect to the W1,3-norm
which embeds into C0 (e.g. [GT98, Theorem 7.10]) concluding (3.23).
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3.4.2 Potential of the curvature
Lemma 3.4.3 ([Ham88, §9]). Let (g¯(t¯))
t¯∈[0,∞) be a normalised Ricci flow on
(
S2, gS
)
and let the potential φ ∈ C∞([0,∞)× S2) be a solution of
∆g¯(t¯)φ(t¯) = 1−Kg¯(t¯) for all t¯ ∈ [0,∞). (3.26)
The norm of the trace-free part of its Hessian Mg¯ = Hessg¯ φ− 12∆g¯φ · g¯ evolves under
normalised Ricci flow as
∂
∂t¯
∣∣Mg¯∣∣2g¯ = ∆g¯∣∣Mg¯∣∣2g¯ − 2 ∣∣g¯∇Mg¯∣∣2g¯ − 4Kg¯ ∣∣Mg¯∣∣2g¯. (3.27)
Proof. For the sake of readability, we write all geometric quantities like ∇, Hess, ∆,
| · |, 〈·, ·〉, φ’s trace-free Hessian M and the Gaussian curvature K with respect to the
time-dependent metric g¯(t¯). We start deriving the evolution of the potential φ
∆
∂φ
∂t¯
=
∂
∂t¯
∆φ− 2(K− 1)∆φ = −(∆K+ 2K(K− 1))+ 2(1−K)2
= ∆(1−K) + 2(1−K) = ∆(∆φ+ 2φ). (3.28)
Since the only harmonic functions on the compact sphere are the constant ones, φ
and its evolution (3.28) are defined up to some time dependent constant, which we
do not have to refine, because we are only interested in its trace-free Hessian M . For
some vector fields X,Y ∈ X(S2) we calculate using the evolution of the Levi-Cevita
connection (2.13) and the Ricci identity to commute covariant derivatives
∂
∂t¯
M(X,Y ) =
∂
∂t¯
(
∇X∇Y φ− 1
2
(1−K)〈X,Y 〉
)
= ∇X∇Y ∂φ
∂t¯
− dφ
(
∂
∂t¯
∇XY
)
+
1
2
∂K
∂t¯
〈X,Y 〉 − 1
2
(1−K) ∂
∂t¯
〈X,Y 〉
= ∇X∇Y (∆φ+ 2φ) +
(
(Y K)(Xφ) + (XK)(Y φ)− 〈∇K,∇φ〉〈X,Y 〉)
+
1
2
(
∆K+ 2K(K− 1)− 2(K− 1)2)〈X,Y 〉
=
(
Hess∆φ+∇φ⊗∇K+∇K⊗∇φ
− 〈∇K,∇φ〉g + 1
2
∆K g + 2M
)
(X,Y )
=
(
∆Hessφ− 1
2
∆(1−K)g − 4KM + 2M
)
(X,Y )
=
(
∆M + 2(1− 2K)M
)
(X,Y ).
Consequently, we conclude
∂
∂t¯
∣∣M ∣∣2 = 2〈M, ∂
∂t¯
M
〉
− 4(1−K)∣∣M ∣∣2 = 2〈M,∆M〉− 4K∣∣M ∣∣2
=
∣∣M ∣∣2 − 2∣∣∇M ∣∣2 − 4K∣∣M ∣∣2.
Proposition 3.4.4. Let
(
g¯(t¯)
)
t¯∈[0,∞) be a normalised Ricci flow on
(
S2, gS
)
. Then, for
all η ∈ (0, 1) and for all k ∈ N0 there exist constants Ck = Ck
(
k, η, g¯(0)
) ∈ (0,∞) such
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that ∥∥∥Mg¯(t¯)∥∥∥
Ck(S2,gS)
≤ Cke−2(1−η)t¯ for all t¯ ∈ [0,∞). (3.29)
Proof. By Corollary 3.4.2, there is a time t¯η ∈ [0,∞) such that Kg¯(t¯) ≥ 1− η/2 for all
t¯ ∈ [t¯η,∞). Then we can estimate the evolution of Mg¯ in Lemma 3.4.3 by
∂
∂t¯
∣∣Mg¯∣∣2g¯ ≤ ∆g¯∣∣Mg¯∣∣2g¯ − 4(1− η/2)∣∣Mg¯∣∣2g¯ (3.30)
for all t¯ ≥ t¯η. Since Mg¯ is fully determinend by the conformal factor of the metric
e2u¯gS = g¯, by Proposition 3.2.5 we have uniform C
k bounds Ck = Ck
(
k, g(0)
)
<∞ such
that
∥∥Mg¯∥∥Ck(S2,gS) ≤ Ck. Comparing (3.30) with the associated ordinary differential
equation (Theorem 2.3.4) allows us to conclude (3.29) for k = 0, i.e.∣∣∣Mg¯(t¯)∣∣∣
gS
≤ C0 e−2(1−η/2)t¯ for all t¯ ∈ [0,∞), (3.31)
using also the uniform equivalence of the metrics g¯(t¯) and gS by the same Proposition
3.2.5. Interpolating those uniform Ck-bounds with the C0-estimate (3.31) (→ Lemma
B.3.1), we obtain the decay estimate for higher derivatives, i.e. (3.29).
3.4.3 Convergence
Finally, we conclude this chapter showing that the normalised flow converges smoothly
to the round sphere. Though the argument is the same as in [Ham88], i.e. we show
that the normalised Ricci flow converges to a gradient Ricci soliton (Mg¯ ≡ 0), due
to Corollary 3.4.2 we already know that this limit has constant curvature, whereas
Hamilton had to argue why two-dimensional shrinking gradient Ricci solitons are
indeed space forms [Ham88, Theorem 10.1].
Theorem 3.4.5. Let
(
g¯(t¯)
)
t¯∈[0,∞) be a normalised Ricci flow on
(
S2, gS
)
. Then for
every η ∈ (0, 1) and k ∈ N0 there is a constant C = C
(
k, η, g¯(0)
) ∈ (0,∞) such that∥∥∥g¯(t¯)− gS∥∥∥
Ck(S2,gS)
≤ Ce−2(1−η)t¯ for all t¯ ∈ [0,∞). (3.32)
Proof. Let φ ∈ C∞([0,∞) × S2) be a potential of the curvature of g¯, i.e. a solution
of (3.26) and Mg¯ its trace-free Hessian. Further, let
(
ψt¯
)
t¯∈[0,∞) ∈ Diff
(
S2
)
be the
family of diffeomorphisms generated by − gradg¯(t¯) φ(t¯). The family of pullback metrics
g˜(t¯) = ψ∗¯t g¯(t¯) for all t¯ ∈ [0,∞) satisfies the following evolution equation
∂
∂t¯
g˜ = −ψ∗¯t
(
2
(
Kg¯ − 1
)
g¯ +Lgradg¯ φ g¯
)
= −2ψ∗¯t
(
−∆g¯φ g¯ +Hessg¯ φ
)
= −2ψ∗¯tMg¯. (3.33)
By diffeomorphism invariance, the decay estimates of Mg¯ (3.29) from Proposition 3.4.4
are also valid for ψ∗¯tMg˜, hence integrating (3.33) we see that g˜(t¯) converges exponentially
fast and smoothly to a unique limit metric g˜(∞); in particular, with constants C˜k from
Proposition 3.4.4 we have for all ϑ > 0∥∥∥g˜(t¯)− g˜(t¯+ ϑ)∥∥∥
Ck(S2,gS)
≤
ˆ t¯+ϑ
t¯
∥∥∥∥ ∂∂τ g˜(τ)
∥∥∥∥
Ck(S2,gS)
dτ = 2
ˆ t¯+ϑ
t¯
∥∥ψ∗τMg¯(τ)∥∥Ck(S2,gS) dτ
≤ 4(1− η)(1− e−2(1−η)ϑ)C˜ke−2(1−η)t¯. (3.34)
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Since g˜(t¯) and g¯(t¯) have the same Gaussian curvature for all t¯ ∈ [0,∞), Corollary
3.4.2 implies that the limit of the modified flow also has constant Gaussian curvature
Kg˜(∞) ≡ 1, i.e. g˜(∞) = gS. By diffeomorphism invariance we have the same uniform,
smooth and exponential convergence (3.34) also for the original flow
(
g¯(t¯)
)
t¯∈[0,∞), and
(3.32) follows with C = 4(1− η)C˜k letting ϑ→∞ in (3.34).
Using the conversion (3.4), we obtain the corresponding result for the unnormalised
Ricci flow.
Corollary 3.4.6. Let
(
g(t)
)
t∈[0,T ) be a Ricci flow on
(
S2, gS
)
with maximal time T =
1
8pi volg(0) S
2. Then for all η ∈ (0, 1) and k ∈ N0 there are constants C = C
(
k, η, g(0)
)
<
∞ such that∥∥∥∥ 12(T − t)g(t)− gS
∥∥∥∥
Ck(S2,gS)
≤ C(T − t)1−η for all t ∈ [0, T ). (3.35)
Chapter 4
Ricci flow on non-compact,
simply connected surfaces
After discussing the Ricci flow on compact surfaces and in particular on the 2-sphere,
this chapter is about the corresponding results on non-compact but still simply con-
nected surfaces. The synthesis and generalisation to arbitrary surfaces will follow in
the next chapter.
By virtue of the uniformisation theorem, a non-compact, simply connected sur-
face
(M2, g0) is conformally equivalent either to the flat plane or the hyperbolic disc.
Therefore, as remarked in Section 2.2.1, we may assume without loss of generality that
M is either C or D and write g0 = e2u0 |dz|2 for some u0 ∈ C∞(M). Moreover, by the
conformal invariance of a two-dimensional Ricci flow
(
g(t)
)
t∈[0,T ], we can alternatively
restrict our attention to its globally defined conformal factor u ∈ C∞([0, T ]×M) with
g(t) = e2u(t)|dz|2 and its evolution
∂
∂t
u = e−2u∆u. (4.1)
The contents of this chapter in the conformally hyperbolic case follow mainly [GT11]
by Peter Topping and the author, in which we extend the study of instantaneously
complete Ricci flows, which Topping began 2006 [Top10]. In the conformally flat case
on the whole plane, we are going to exploit some existing work from the theory of
the logarithmic fast diffusion equation which corresponds to (4.1) as we are going to
clarify in Section 4.1. The main input here comes from the work of Ana Rodriguez,
Juan L. Vazquez and Juan R. Esteban [RVE97], namely the existence result and
an important comparison principle which we exploited in [GT11] to show uniqueness
in this class.
Outline
The first Section 4.1 summarises the theory of the logarithmic fast diffusion equation
which has been mainly studied on the Euclidean Rn; we will explain its relation to the
Ricci flow and the fast diffusion equation, and its physical origin. We are also going to
exploit some of these results in the conformally flat case on the plane. The following
section 4.2 is about a priori barriers for instantaneously complete Ricci flows, whose
key (Lemma 4.2.1) is a combination of Chen’s very general a priori estimate for a
Ricci flow’s scalar curvature (Theorem 2.5.2) and a Schwarz Lemma by Shing-Tung
Yau (Theorem A.3.1). In the conformally hyperbolic case under the assumption that
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the solution is initially bounded from above by some (possibly large) multiple of a
hyperbolic metric, we are going to bootstrap these barriers (→ §4.3) and obtain smooth
convergence of the rescaled flow, curvature estimates and thus long-time existence. No
curvature assumptions will be made on the flow at any time, and yet we derive pointwise
and also derivative bounds which will be of fundamental importance in the later proofs.
In Section 4.4 we show several comparison principles and combine them with the
a priori estimates (barriers) to prove uniqueness results. Section 4.5 contains the ex-
istence results — in the conformally hyperbolic case based on the preceding a priori
estimates of Section 4.3 and in the conformally Euclidean case using the corresponding
result from the theory of the logarithmic fast diffusion equation (§4.1). Finally, we will
describe the long-time behaviour on the hyperbolic disc (→ §4.6).
4.1 Logarithmic fast diffusion equation
There is an independent interest and extensive literature on (4.1) which after the change
of variables v = e2u is mostly called the logarithmic fast diffusion equation:
∂
∂t
v = ∆ log v = div
(
v−1 grad v
)
. (4.2)
Virtually all of the literature in this direction considers the equation on R2 or Rn
for n > 2, and we will appeal to some of these results in the conformally Euclidean
case. However, King Ming Hui (e.g. [Hui02]) has considered the problem also on
bounded domains in R2. Typically the logarithmic fast diffusion literature considers
solutions with some sort of growth condition at infinity, sometimes phrased in terms
of membership of an Lp space, and here we are replacing these conditions with the
requirement of the associated Ricci flow to be instantaneously complete.
4.1.1 Physical occurence
The logarithmic fast diffusion equation arises in several physical models. Karl E. Lon-
ngren and Akira Hirose derive (4.2) by combining the equation of continuity,
Maxwellian electrons and Ohm’s law in order to model the expansion of an electron
cloud into vacuum [LH76], where v corresponds roughly to the electron density. Further
appearances of (4.2) include gas kinetics [McK75] and ion exchange kinetics [HP58].
x
v(t,x)
Gas
Liquid
Solid
Interface
However, the most influential connection to
the logarithmic fast diffusion equation comes from
thin film dynamics, in particular in our two-
dimensional situation. Malcolm B. Williams
and Stephen H. Davis model the height of the
interface separating a thin liquid layer on a rigid
plate from a passive gas on v(t,x). If the layer is
sufficiently thin (i.e. ∼ 10− 100 nm) such that the
van der Waals interaction is effective, they deduce
in [WD82, Eq. (38a)] the evolution
∂
∂t
v = ∓∆log v − div (v3 grad(∆v)) . (4.3)
The sign on the right-hand side corresponds to the situations when the van der Waals
forces are attractive or repulsive. In the former case small disturbances can grow and
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lead to a rupture of the film, while in the latter case the uniform film is stable. Further
numerical computations [WD82], [BBD88] suggest that the fourth order term in (4.3)
which corresponds to the surface tension, can be neglected in some situations, yielding
(4.2) along with its backwards sibling (see also [DDD96, §1.5]).
4.1.2 Existence and non-uniqueness
While Lang-Fang Wu gave a proof of existence of the associated Ricci flow under
several additional assumptions to the initial metric [Wu93] based on Shi’s Theorem
2.4.1, the first general existence result is due to Panagiota Daskalapoulos and
Manuel del Pino.
Theorem 4.1.1 (Daskalapoulos and del Pino [DdP95, Theorem 1.2]). For ev-
ery 0 ≤ v0 ∈ L1(R2) and η > 2 there exists a solution v ∈ C∞
(
(0, Tη) × R2
) ∩
C
(
[0, Tη),L
1(R2)
)
of the logarithmic fast diffusion equation (4.2) with v(0, ·) = v0,
the maximal time
Tη =
1
2pi η
ˆ
R2
v0 dµ (4.4)
and the property that ˆ
R2
v(t) dµ =
ˆ
R2
v0 dµ− 2piηt. (4.5)
In the same article they also show existence of solutions with η = 2 and possibly infinite
mass, i.e. ‖v0‖L1(R2) =∞ [DdP95, Theorem 1.1]. However, the characterisation of these
solutions as maximal solutions (i.e. the associated Ricci flow is maximally stretched)
in this case was done by Emmanuele DiBenedetto and David J. Diller [DD96,
Theorem 5.1] and in a different way by Rodriguez, Vazquez and Esteban:
Theorem 4.1.2 (Rodriguez, Vazquez and Esteban [RVE97, Theorem 4.1]). For
every v0 ∈ L1
(
R2
)
with v0 ≥ 0 there exists a maximal time T = 14pi
∥∥v0∥∥L1(R2) <∞ and
a classical solution 0 ≤ v ∈ C∞((0, T )×R2)∩C([0, T ),L1(R2)) of the logarithmic fast
diffusion equation (4.2) with v(0, ·) = v0 satisfying∥∥v(t, ·)∥∥
L1(R2) =
∥∥v0∥∥L1(R2) − 4pit for all t ∈ [0, T ). (4.6)
Moreover, we have v(t, ·) > 0 for all t ∈ (0, T ) and v satisfies the minimal decay
condition, i.e. for some constant c > 0 we have
v(t,x) ≥ c 2t|x|2(log |x|)2 for all (t,x) ∈ (0, T )×
(
R2 \ B(0; 2)). (4.7)
In the same article they also show that this decay condition (4.7) is sufficient for a
solution to be maximal which we will discuss in detail in Section 4.4.1. Note that the
associated metric v(t)|dz|2 for a v(t) satisfying this minimal decay condition (4.7) is
complete for all t ∈ (0, T ).
4.1.3 Fast diffusion equation
In the literature, (4.2) is regarded as the (at least) formal limit of the fast diffusion
equation on Rn
∂
∂t
v =
1
m
∆vm = div
(
vm−1 grad v
)
as m↘ 0. (4.8)
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While the Cauchy problem of (4.8) and v(0, ·) ∈ L1(Rn) always admits a unique solution
for all time if m > 0, Vazquez showed the non-existince [Vaz92], if either m ≤ −1 and
n = 1, or m < 0 and n = 2, or m ≤ 0 and n ≥ 3. Hence, our situation where n = 2
and m = 0 is the borderline case between unique existence (m > 0) and non-existence
(m < 0), where there still exists a solution but it is no longer unique (→ Theorem
4.1.1; see also [RV95]); in addition, a loss of mass (4.6) can be observed in contrast
to solutions with m > 0 which conserve the mass. Also in [RVE97, §6], the authors
present an alternative construction of the maximal solution from Theorem 4.1.2 as the
limit of solutions of the fast diffusion equation (4.8) as m↘ 0.
4.2 Barriers
4.2.1 Barriers for conformally hyperbolic solutions
All estimates and bounds in the next Section 4.3 are based on the following Lemma
which provides sharp (hyperbolic) barriers for conformally hyperbolic and instanta-
neously complete Ricci flows which are initially bounded from above by some multiple
of the hyperbolic metric. Moreover, the Lemma shows that the important lower barrier,
namely the big-bang hyperbolic Ricci flow 12tgH is characteristic for any instantaneously
complete Ricci flow which is conformally hyperbolic.
Lemma 4.2.1 ([GT11, Lemma 2.1]). Let
(M2, gH) be a complete hyperbolic surface
and let
(
g(t)
)
t∈[0,T ] be a Ricci flow on M which is conformally equivalent to gH.
(i) If
(
g(t)
)
t∈[0,T ] is instantaneously complete, then
(2t)gH ≤ g(t) for all t ∈ (0, T ]. (4.9)
Moreover, if
(
g(t)
)
t∈[0,T ] is complete and Kg(0) ≥ −κ0 for some κ0 > 0, then(
2t+ κ−10
)
gH ≤ g(t) for all t ∈ [0, T ]. (4.10)
(ii) If there exists a constant M > 0 such that g(0) ≤MgH, then
g(t) ≤ (2t+M)gH for all t ∈ [0, T ]. (4.11)
Proof. To show the lower barriers (4.9) and (4.10) we use Chen’s a priori estimate
for the Gaussian curvature to obtain the lower curvature bounds − 12t ≤ Kg(t) for all
t ∈ (0, T ] (Corollary 2.5.3), or − 1
κ−10 −2t
≤ Kg(t) for all t ∈ [0, T ] if g(0) is complete
with curvature bounded from below Kg(0) ≥ −κ0 > −∞ (Theorem 2.5.2). In both
cases Yau’s Schwarz lemma (Corollary A.3.3) allows us then to compare g(t) with gH,
establishing (4.9) and (4.10).
(ii) Without loss of generality we may (possibly after lifting to its universal cover)
assume M2 = D and write g(t) = e2u(t)|dz|2. To prove the upper barrier, consider for
small δ > 0, u
∣∣
D1−δ
and write the conformal factor of a complete Ricci flow on the disc
of radius 1− δ with Gaussian curvature initially −M−1 as
hδ(t, z) := log
2(1− δ)
(1− δ)2 − |z|2 +
1
2
log
(
2t+M
)
.
Note that u is continuous on [0, T ]×D1−δ and hδ(t, z) ≥ hδ(0, z)→∞ as z → ∂D1−δ for
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all t ∈ [0, T ]. Also, with this choice ofM , we have initially u∣∣D1−δ(0, ·) ≤ h0∣∣D1−δ(0, ·) ≤
hδ(0, ·). Therefore the requirements of an elementary comparison principle for the
Ricci flow (→ Corollary 2.3.2) are fulfilled, and we may deduce that u∣∣D1−δ ≤ hδ holds
throughout [0, T ]× D1−δ. Since hδ is continuous in δ, letting δ ↘ 0 yields (4.11).
4.2.2 Hyperbolic barriers for the whole plane
Whilst Lemma 4.2.1(i) gives good lower barriers for (instantaneously) complete solu-
tions on a hyperbolic disc D ⊂ C, it cannot be used directly on the whole plane C,
because it does not admit a hyperbolic metric. However, by considering the plane
with a disc taken off which does admit a hyperbolic metric, we can still exploit Yau’s
Schwarz lemma (Theorem A.3.1).
Lemma 4.2.2. For some κ ∈ (0,∞) let e2u|dz|2 be a complete metric on the plane
C with curvature bounded from below Ku ≥ −κ. Then there exists a constant C =
C
(‖u‖C2(D2)) > 0 such that for all z ∈ C \ D2
u(z) ≥ − log(|z| log |z|)− 1
2
logmax
{
κ,C
}
. (4.12)
Proof. Pick any cut-off function ϕ ∈ C∞c
(
D2, [0, 1]
)
with ϕ ≡ 1 in D3/2. Furthermore,
let e2h|dz|2 be the complete hyperbolic metric on C \ D, i.e. h(z) = − log(|z| log |z|).
Finally, consider an interpolated metric defined by the conformal factor v ∈ C∞(C\D)
given by
v(z) := ϕ(z) · h(z) + (1− ϕ(z)) · u(z) for all z ∈ C \ D.
Thus we can estimate the Gaussian curvature of e2v|dz|2 by
Kv(z) ≥

−1 for |z| ≤ 32 , i.e. where v = h
−C for 32 < |z| < 2
−κ for |z| ≥ 2, i.e. where v = u
 ≥ −max{κ,C}
with C = C
(‖u‖C2(D2)) ∈ (0,∞). Comparing e2v|dz|2 with e2h|dz|2 using Yau’s
generalised Schwarz lemma (Corollary A.3.3) yields for all z ∈ C \ D2
u(z) = v(z) ≥ h(z)− 1
2
logmax
{
κ,C
}
.
As in the proof of Lemma 4.2.1(i) we can now exploit the lower bound to the curvature
of a Ricci flow provided by Chen’s curvature estimate (Corollary 2.5.3).
Corollary 4.2.3 ([GT11, Theorem 3.2]). Let
(
e2u(t)|dz|2)
t∈[0,T ] be an instantaneoulsy
complete Ricci flow on the plane C. Then there exists a constant C < ∞ depending
only on T and sup[0,T ] ‖u(t)‖C2(D2) such that for all z ∈ C \ D2 and t ∈ (0, T ]
u(t, z) ≥ −C − log(|z| log |z|)+ 1
2
log(2t). (4.13)
Note, that this decay condition (4.13) of instantaneously complete Ricci flows on the
plane originates from the decay of the hyperbolic cusp metric. Then again, Rodriguez,
Vazquez and Esteban found the very same decay (4.7) for the logarithmic fast dif-
fusion equation by direct analytical methods. It enabled them to prove a very strong
comparison principle (→ Theorem 4.4.1).
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Proof. By Corollary 2.5.3 we have the curvature estimate Kg(t) ≥ − 12t for all t ∈ (0, T ].
Choosing C := 12 supt∈(0,T ]
[
log
(
2t C˜(t)
)]
+
, where C˜(t) > 0 is the constant depending
on
∥∥u(t)∥∥
C2(D2)
provided by Lemma 4.2.2, we estimate
u(t, z) + log
(|z| log |z|) ≥ −1
2
logmax
{
1
2t
, C˜(t)
}
= −1
2
logmax
{
1, 2t C˜(t)
}
+
1
2
log(2t)
≥ −C + 1
2
log(2t) for all (t, z) ∈ (0, T ]× (C \ D2).
4.3 A priori estimates for conformally hyperbolic flows
4.3.1 Normalised Ricci flow
Given a Ricci flow
(
g(t)
)
t∈[0,T ) on a conformally hyperbolic surface M2 we choose
ψ(t) = 12t and t0 =
1
2 in Proposition 2.2.3, to obtain κ¯ = −1 and
∂
∂t¯
g¯(t¯) = −2(Kg¯(t¯) + 1) g¯(t¯), (4.14)
Consequently, we have the conversions between normalised and unnormalised Ricci flow
g¯
(
t¯(t)
)
=
1
2t
g(t) and t¯(t) =
1
2
log(2t) for all t ∈ (0, T ),
g
(
t(t¯)
)
= e−2t¯g¯(t¯) and t(t¯) =
1
2
e2t¯ for all t¯ ∈ (−∞, T¯ ), (4.15)
with T¯ := 12 log(2T ). Note, that the time t = 0 of the unnormalised Ricci flow does
not have a counterpart of the normalised variant. Moreover, the latter one is ancient.
If we write locally e2u¯(t¯)|dz|2 = g¯(t¯), the evolution (4.14) can be rephrased by
∂
∂t¯
u¯ = e−2u¯∆u¯− 1 = div(e−2u¯Du¯)+ 2e−2u¯ ∣∣Du¯∣∣2 − 1. (4.16)
4.3.2 Ck bounds
In this section we bootstrap the barriers of the previous section to obtain estimates
for higher derivatives. In the following lemma we start with a local bound around the
origin by switching to the normalised flow (4.16) where the necessary C0-bounds can
be established away from t = 0 independently of the (maximal) time.
Lemma 4.3.1. Let
(
e2u(t)|dz|2)
t∈[0,T ] be an instantaneously complete Ricci flow on the
unit disc D and for r ∈ (0, 1] let e2hr |dz|2 be the complete hyperbolic metric on the disc
Dr of radius r. If u(0)
∣∣
Dr ≤ hr +
1
2 logM for some M > 0, then there exists for any
δ ∈ (0,min{T, r}) and k ∈ N0 a constant Ck = Ck(k, r, δ,M) < ∞ such that for all
t ∈ [δ, T ] ∥∥∥u(t, ·)− 1
2
log(2t)
∥∥∥
Ck(Dr−δ)
≤ Ck. (4.17)
Proof. Lemma 4.2.1 provides the following upper and lower bounds for u,
log
2
1− |z|2 +
1
2
log(2t) ≤ u(t, z) ≤ log 2r
r2 − |z|2 +
1
2
log
(
2t+M
)
(4.18)
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for all t ∈ (0, T ] and z ∈ Dr.
∣∣u∣∣ cannot be bounded uniformly away from t = 0
independently of T , but using the conversion (4.15) we may rewrite (4.18) in terms of
the normalised flow u¯(t¯)
log
2
1− |z|2 ≤ u¯(t¯, z) ≤ log
2r
r2 − |z|2 +
1
2
log
(
1 +Me−2t¯
)
, (4.19)
for z ∈ Dr, where we have uniform bounds which are independent of T =: 12e2T¯ if t¯ is
bounded from below. Indeed, fixing δ ∈ (0,min{T, r}) and hence δ¯ := 12 log(2δ) there
exists a constant C = C(M, δ, r) > 0 such that
sup[
δ¯−1,T¯ ]×Dr−δ/2
∣∣u¯∣∣ ≤ C <∞.
Thus the evolution equation (4.16) for u¯(t¯, z) is uniformly parabolic on
[
δ¯−1, T¯ ]×Dr−δ/2,
which allows us to apply standard parabolic theory, i.e. Theorem B.1.1 to establish
Ho¨lder bounds on u¯ and then use parabolic Schauder estimates (Corollary B.2.2) to
bootstrap and obtain, for any k ∈ N0, constants Ck = Ck(k, r, δ, C) > 0 such that∥∥ u¯ ∥∥
Ck+
α
2 ,2k+α
(
[δ¯,T¯ ]×Dr−δ
) ≤ Ck
yielding (4.17) after converting back to the unnormalised flow by virtue of (4.15).
The next theorem extends these local estimates to global ones which will also show that
in this setting the rescaled solution converges smoothly and uniformly to the hyperbolic
metric as time goes to infinity.
Theorem 4.3.2 ([GT11, Theorem 2.3]). Let (M2, gH) be a complete hyperbolic sur-
face, and suppose
(
g(t)
)
t∈[0,T ] is an instantaneously complete Ricci flow on M which
is conformally equivalent to gH. If g(0) ≤ MgH for some constant M > 0, then for
all k ∈ N0 and any η ∈ (0, 1) and δ ∈ (0, T ) (however small) there exists a constant
C = C(k, η, δ,M) <∞ such that for all t ∈ [δ, T ] there holds∥∥∥∥ 12tg(t)− gH
∥∥∥∥
Ck(M,gH)
≤ C
t1−η
. (4.20)
Proof. Fix any point p ∈ M, and let pi : D→M be a universal covering of M with
pi(0) = p. Without loss of generality we may then write the lifted metrics pi∗g(t) =
e2u(t)|dz|2 and pi∗gH = e2h|dz|2, the latter being the complete hyperbolic metric on the
disc. We also have e2u(0) ≤Me2h by hypothesis.
Using Lemma 4.3.1 we obtain for every k ∈ N constants C ′k = C ′k(k, δ,M) > 0 such
that we have uniform Ck-bounds for all t ∈ [δ, T ]
sup
D1/2
∣∣∣∣Dk ( 12te2(u(t)−h) − 1
)∣∣∣∣ = sup
D1/2
∣∣∣Dk (e2(u(t)− 12 log(2t))e−2h)∣∣∣ ≤ C ′k. (4.21)
By virtue of Lemma 4.2.1 there is a much stronger C0-estimate for all t ∈ (0, T ] on D
0 ≤ 1
2t
e2(u(t)−h) − 1 ≤ M
2t
. (4.22)
Now fix η ∈ (0, 1) and combine (4.22) and (4.21) with the interpolation inequality of
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Lemma B.3.1 to obtain for every k ∈ N constants C ′′k = C ′′k (k, η, δ,M) > 0 and l = dk/ηe
such that for all t ∈ [δ, T ]∣∣∣∣Dk ( 12te2(u(t)−h) − 1
)∣∣∣∣ (0) ≤ C ′′k t−(1−η). (4.23)
Note that the case k = 0 of (4.23) is already dealt with by (4.22). Then we estimate
using Lemma B.3.2 (with constant c = c(k) > 0) and (4.23) for all t ∈ [δ, T ]∣∣∣∣gH∇k ( 12tg(t)− gH
)∣∣∣∣
gH
(p) =
∣∣∣∣pi∗gH∇k ( 12te2(u(t)−h) − 1
)
pi∗gH
∣∣∣∣
pi∗gH
(0)
≤ c
k∑
j=0
∣∣∣∣Dj ( 12te2(u(t)−h) − 1
)∣∣∣∣
|dz|2
(0)
≤ c
k∑
j=0
C ′′j t
−(1−η) =: C ′′′k t
−(1−η). (4.24)
Since p ∈ M was chosen arbitrarily and the constants C ′′′k are independent of p (and
of pi), (4.24) holds for all p ∈M and we conclude that with C = C(k, η, δ,M) <∞,∥∥∥∥ 12tg(t)− gH
∥∥∥∥
Ck(M,gH)
≤ C t−(1−η)
for all t ∈ [δ, T ].
4.3.3 Curvature bounds and long-time existence
The uniform C2-bounds of Theorem 4.3.2 yield uniform curvature bounds away from
t = 0 for instantaneously complete Ricci flows which are initially bounded from above
by a multiple of the hyperbolic metric. This allows us to extend such solutions to be
immortal.
Proposition 4.3.3 (Curvature decay. [GT11, Proposition 2.4]). Let
(M2, gH) be a
complete hyperbolic surface and
(
g(t)
)
t∈[0,T ] an instantaneously complete Ricci flow on
M, conformally equivalent to gH. If g(0) ≤ MgH for some constant M > 0, then for
all δ ∈ (0, T ] there exists a constant C = C(M, δ) < ∞ such that for all t ∈ [δ, T ] we
have ∣∣∣Kg(t)∣∣∣ ≤ Ct .
Proof. By Theorem 4.3.2 there exists a constant C ′ = C ′(δ,M) > 0 such that for all
t ∈ [δ, T ] we have ∣∣∣Kg(t)∣∣∣ = 12t ∣∣∣K 12tg(t)∣∣∣ ≤ C ′2t .
Note that from Theorem 4.3.2 we even have
2tKg(t) = K 1
2t
g(t) −→ −1 uniformly as t→∞.
Corollary 4.3.4 (Long-time existence. [GT11, Corollary 2.6]). Let
(M2, gH) be a
complete hyperbolic surface, and
(
g(t)
)
t∈[0,T ] an instantaneously complete Ricci flow
on M, conformally equivalent to gH. If g(0) ≤ MgH for some constant M > 0, then
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there exists a unique instantaneously complete extension of g(t) defined for all time
t ∈ [0,∞).
Moreover, if for some κ0 < ∞ there holds Kg(t) ≤ κ0 for all t ∈ [0, T ], then there
exists a constant κ = κ(M,T, κ0) <∞ such that
Kg(t) ≤ κ for all t ∈ [0,∞). (4.25)
Proof. The long-time existence is a direct consequence of Corollary 2.4.2 and the a
priori curvature bounds of Proposition 4.3.3: We have for all t ∈ [T/2, T ]∣∣∣Kg(t)∣∣∣ ≤ Ct ≤ 2CT =: κ1 <∞. (4.26)
By Corollary 2.4.2 there exist a τ > 0 depending only on κ1 and a unique extension(
gˆ(t)
)
t∈[0,T+τ ] with the very same curvature bound κ1 in (4.26) on the larger time
interval
[
T/2, T + τ
]
. Iterating these arguments we obtain for every j ∈ N an extension(
gˆ(t)
)
t∈[0,T+jτ ] with bounded curvature
∣∣Kgˆ(t)∣∣ ≤ κ1 for all t ∈ [T/2, T + jτ], and
therefore we can continue g(t) to exist for all time t ∈ [0,∞). Since the curvature is
bounded away from t = 0, by Corollary 2.4.2 the extension is also unique among other
instantaneously complete extensions.
In order to show the uniform upper bound for the curvature in (4.25), note that
(4.26) is true for all t ∈ [T/2,∞). Combining that bound with κ0 for times t ∈ [0, T/2],
we conclude the theorem with κ := max{κ0, κ1}.
4.4 Uniqueness
4.4.1 Conformally Euclidean solutions on the plane C
The proof of uniqueness of instantaneously complete Ricci flows on the plane C is based
on the following comparison principle for the logarithmic fast diffusion equation by Ro-
driguez, Vazquez and Esteban. Note that the mandatory decay condition (4.27) for
the conformal factor obviously implies the associated Ricci flow to be instantaneously
complete. On the other hand, by Corollary 4.2.3 the converse is also true, so the con-
formal factor of any instantaneously complete Ricci flow satisfies that decay condition
(4.27).
Theorem 4.4.1 (Rodriguez, Vazquez, Esteban. Variant of [RVE97, Corollary
2.3]). Let
(
e2u(t)|dz|2)
t∈[0,T ] and
(
e2v(t)|dz|2)
t∈[0,T ] be two Ricci flows on the plane C.
If there exists a constant C <∞ such that u(t) satisfies the decay condition
u(t, z) ≥ −C − log(|z| log |z|)+ 1
2
log(2t) for all (t, z) ∈ (0, T )× (C \ D2) (4.27)
and u(0) ≥ v(0), then u(t) ≥ v(t) for all t ∈ [0, T ].
Proof. For some R 1 consider the smooth cut-off function ζR ∈ C∞c
(
C, [0, 1]
)
such
that ζR
∣∣
DR
≡ 1 and spt ζR ⊂ DR2 which is to be determined in more detail later.
Abbreviating the time-dependent open subset U+(t) := {z ∈ C : (v − u)(t, z) > 0}, by
Lemma B.3.3 we may differentiate at almost each time t ∈ (0, T ) and estimate for any
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m ∈ (0, 1)
∂
∂t
ˆ
C
[
e2v − e2u]
+
ζR dµ =
ˆ
U+
∂
∂t
(
e2v − e2u) ζR dµ = ˆ
U+
2∆(v − u) ζR dµ
=
ˆ
C
2[v − u]+∆ζR dµ+ 2
ˆ
∂U+
〈
− D(v − u)|D(v − u)| , ζRD(v − u)− (v − u)DζR
〉
dH1
≤
ˆ
C
e−2mu
m
[
e2v − e2u]m
+
∣∣∆ζR∣∣ dµ− 2ˆ
∂U+
∣∣D(v − u)∣∣ζR dH1
≤ 1
m
ˆ
C
e−2muζ−mR
∣∣∆ζR∣∣([e2v − e2u]+ ζR)m dµ
≤ 1
m
(ˆ
C
e−
2m
1−muζ
− m
1−m
R
∣∣∆ζR∣∣ 11−m dµ)︸ ︷︷ ︸
=:I(t)
1−m
·
(ˆ
C
[
e2v − e2u]
+
ζR dµ
)m
(4.28)
using the inequality [x]+ ≤ 1m [ex − 1]m+ for any x ∈ R and the Ho¨lder inequality. In
order to estimate I(t), we refine the cut-off function
ζR(z) :=
(
Z
(
log |z|
logR
))k
where k ≥ 2 and 0 ≤ Z ∈ C∞(R) is a nonnegative function such that Z(ς) = 1 for
ς ≤ 1 and Z(ς) = 0 for ς ≥ 2, and calculate its Laplacian
∆ζR(z) =
kZk−2
|z|2(logR)2
(
(k − 1)Z ′2 + ZZ ′′) .
Choosing k = 21−m and abbreviating Z˜m = (k − 1)Z ′2 + ZZ ′′ we estimate using the
decay for u (4.27)
I(t)1−m =
(ˆ
C
e−
2m
1−muζ
− m
1−m
R
∣∣∆ζR∣∣ 11−m dµ)1−m
=
2
(1−m)(logR)2
(ˆ
DR2\DR
e−
2m
1−mu|z|− 21−m ∣∣Z˜m∣∣ 11−m dµ)1−m
≤ 2e
2mCt−m
(1−m)(logR)2
(ˆ
DR2\DR
|z|−2(log |z|) 2m1−m ∣∣Z˜m∣∣ 11−m dµ)1−m
=
2(2pi)1−me2mCt−m
(1−m)(logR)1−m
(ˆ 2
1
ς
2m
1−m
∣∣Z˜m(ς)∣∣ 11−mdς)1−m
= C˜(m,C)
t−m
(logR)1−m
, (4.29)
where we used the change of coordinates z = Rςeiθ and hence dµ = |z|2 logR dςdθ.
Assume there exists a time t1 ∈ (0, T ] with u(t1, z1) < v(t1, z1) for some z1 ∈ C. Then
define
t0 := inf
{
τ ∈ [0, t1) : ∀t ∈ [τ, t1] ∃z ∈ C such that u(t, z) < v(t, z)
}
.
Hence, we have u(t0) ≥ v(t0) and for every t ∈ (t0, t1] there exists Rt  1 such that
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´
C
[
e2v(t) − e2u(t)]
+
ζR dµ > 0 for all R ≥ Rt. Hence, we may integrate (4.28) with
respect to t ∈ [τ, t1] for some τ ∈ (t0, t1)(ˆ
DR
[
e2v(t1) − e2u(t1)
]
+
dµ
)1−m
≤
(ˆ
DR2
[
e2v(τ) − e2u(τ)
]
+
dµ
)1−m
+ C˜(m,C)
t1−m1 − τ1−m
(logR)1−m
R→∞
τ↘t0
m↘0
=⇒ 0 <
ˆ
C
[
e2v(t1) − e2u(t1)
]
+
dµ ≤
ˆ
C
[
e2v(t0) − e2u(t0)
]
+
dµ = 0.
(

)
Corollary 4.4.2. Every conformally Euclidean, instantaneously complete Ricci flow(
g(t)
)
t∈[0,T ] on C is maximally stretched.
Proof. By Corollary 4.2.3 the conformal factor u(t) of g(t) = e2u(t)|dz|2 satisfies the
decay condition (4.27) of the comparison principle Theorem 4.4.1, and the corollary’s
statement follows.
4.4.2 Conformally hyperbolic solutions
The uniqueness of instantaneously complete Ricci flows on conformally hyperbolic sur-
faces in full generality is still only conjectured. In contrast to the other (conformal)
cases, we have even strong uniqueness only when we impose additional conditions on
the initial surface. Chen introduces this term [Che09] if apart from completeness (for
all time) any additional requirements on a solution are only imposed at the initial time.
He showed uniqueness in the class of complete flows if the inital surface is non-collapsed
and has bounded curvature (→ Theorem 5.2.7).
Unfortunately, we do not have a comparison result as strong as in the above con-
formally flat case on C, but we can exploit the weak maximum principle Theorem 2.3.3
for non-compact, complete Riemannian manifolds with bounded curvature to obtain a
weaker result.
Theorem 4.4.3 (Geometric comparison principle. Variant of [GT10, Theorem 4.2]). For
some T > 0 let
(
g1(t)
)
t∈[0,T ] and
(
g2(t)
)
t∈[0,T ] be two conformally equivalent Ricci flows
on a complete surface
(M2, g˜) of bounded curvature, and define Q : [0, T ] ×M → R
to be the function for which g1(t) = e
2Q(t)g2(t). Suppose further that g2(t) ≥ δg˜ for
all t ∈ [0, T ], Q(t) satisfies the decay condition (2.18) and that for some non-negative,
integrable function 0 ≤ f ∈ L1([0, T ]) we have
e2Q(t)Kg1(t) ≤ f(t) (4.30)
for all t ∈ (0, T ] on M. If g1(0) ≤ g2(0), then g1(t) ≤ g2(t) for all t ∈ [0, T ].
Proof. Differentiating g1(t) = e
2Q(t)g2(t) yields
2
(
−Kg1
)
g1 =
∂
∂t
g1 = 2
∂
∂t
Q e2Qg2 − 2Kg2e2Qg2 = 2
(
∂
∂t
Q−Kg2
)
g1. (4.31)
Using the relation Kg1 = e
−2Q(−∆g2Q + Kg2) from Lemma 2.2.1, we obtain where
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Q > 0 (
∂
∂t
−∆g2
)
Q = Kg2 −Kg1 −∆g2Q =
(
e2Q − 1)Kg1
=
e2Q − 1
Q− 0 Kg1Q = 2e
2ξ Kg1Q ≤ 2f Q
where at each point, ξ was chosen between 0 and Q according to the mean value
theorem. Applying the weak maximum principle Theorem 2.3.3 to Q, keeping in mind
that Q(0, ·) ≤ 0, we conclude that Q ≤ 0 throughout [0, T ]×M as desired.
In the following theorem which is a slight improvement of [GT11, Theorem 1.7] and
[GT10, Theorem 4.1], we require the solution to be bounded initially from above by
some multiple of the hyperbolic metric and its curvature to be bounded from above by
some integrable time-dependent function for a very short time.
Theorem 4.4.4. Let
(M2, gH) be a complete hyperbolic surface, and for some constants
T > 0, M > 0, ε ∈ (0, T ] and some integrable f ∈ L1([0, ε]), suppose that (g1(t))t∈[0,T ]
and
(
g2(t)
)
t∈[0,T ] are two instantaneously complete Ricci flows on M which are con-
formally equivalent to gH, with g1(0) = g2(0), gi(0) ≤ MgH and Kgi(t) ≤ f(t) for all
t ∈ (0, ε), i ∈ {1, 2}. Then g1(t) = g2(t) for all t ∈ [0, T ].
We cannot apply the comparison principle (Theorem 4.4.3) directly to our instan-
taneously complete Ricci flow, because one solution is also required to be complete
initially and to have a suitable lower barrier. Therefore, we translate and dilate it in
time, to achieve exactly this requirement by virtue of the barrier from Lemma 4.2.1(i).
Proof. Without loss of generality we assume that f is a non-negative, integrable
function on the whole time-interval, i.e. 0 ≤ f ∈ L1([0, T ]) such that Kgi(t) ≤ f(t)
for all t ∈ (0, T ], i ∈ {1, 2} (using Proposition 4.3.3 to extend this curvature bound
if necessary). Writing F (t) := e2
´ t
0 f(τ)dτ for all t ∈ [0, T ], we define for small δ ∈
(0,min{T,M/2}) the slight adjustment of g2(t)
g2,δ(t) := F (δ) g2
(
1
F (δ)
(t+ δ)
)
for all t ∈ [0, T − δ]
which is again a Ricci flow:
∂
∂t
g2,δ(t) + 2Rcg2,δ(t) =
∂
∂t˜
g2(t˜) + 2Rcg2(t˜)
∣∣∣∣∣
t˜= 1
F (δ)
(t+δ)
= 0.
We are now going to apply the comparison principle Theorem 4.4.3 to g1(t) and g2,δ(t):
First note that for all t ∈ [0, T − δ], g2,δ(t) is complete and has a lower barrier by
Lemma 4.2.1 applied to
(
g2(t)
)
t∈[0,T ]
g2,δ(t) = F (δ) g2
(
1
F (δ)
(t+ δ)
)
≥ 2(t+ δ)gH ≥ 2δ gH. (4.32)
Define Qδ ∈ C∞
(
[0, T − δ] ×M) to be the function for which g1(t) = e2Qδ(t)g2,δ(t).
Combining (4.32) with the upper barrier (4.11) for g1(t) by Lemma 4.2.1, we obtain
4.5. Existence 41
for all t ∈ [0, T − δ]
0 = g1(t)− e2Qδ(t)g2,δ(t) ≤
(
(2t+M)− e2Qδ(t)(2t+ 2δ)
)
gH.
Consequently, Qδ satisfies the decay condition (2.18) required by Theorem 4.4.3, in
particular we have Qδ(t) ≤ 12 log 2t+M2t+2δ ≤ 12 log M2δ , and also (4.30):
e2Qδ(t)Kg1(t) ≤
M
2δ
f(t) for all t ∈ [0, T − δ].
Finally, using the upper curvature bound and integrating the Ricci flow equation (2.3)
for g2(t) i.e.
∂
∂tg2(t) ≥ −2f(t) · g2(t), we obtain g2(t) ≥ 1F (t) g2(0) for all t ∈ [0, T ], and
hence
g2,δ(0) = F (δ) g2
(
δ
F (δ)
)
≥ F (δ)
F
(
δ
F (δ)
) g2(0) ≥ g2(0) ≥ g1(0),
since F ′(t) = 2f(t) · F (t) ≥ 0 and F (t) ≥ 1 for all t ∈ [0, T ]. Therefore, for all
δ ∈ (0,min{T,M/2}) we may apply the comparison principle Theorem 4.4.3 with g˜ = gH
to deduce g2,δ(t) ≥ g1(t) for all t ∈ [0, T − δ]. Since g2,δ(t) depends continuously on δ
for any t ∈ [0, T − δ] we conclude
g1(t) ≤ lim
δ↘0
g2,δ(t) = g2(t).
The inverse inequality for g1(t) and g2(t) follows by repeating all steps with swapped
roles.
See Section 5.2 for a discussion of more variants and consequences.
4.5 Existence
Whilst the proof of existence on C is based on Theorem 4.1.2 from the theory of the
logarithmic fast diffusion equation, the conformally hyperbolic case on the disc relies on
Wan-Xiong Shi’s existence result for Ricci flows on complete manifolds with bounded
curvature (Theorem 2.4.1). But since our initial surface might not be complete nor
have bounded curvature, we are going to construct a sequence of complete metrics
with bounded curvature on a (compactly contained) exhaustion of the surface which is
pointwise decreasing and converging to the original initial metric. This way we can flow
each member of the sequence by Shi’s theorem and extend it to an immortal solution
by virtue of the results of Section 4.3.3. Moreover, the existence of an appropriate lower
barrier (Lemma 4.2.1) will allow to find a limit solution which must be instantaneously
complete and (by construction) maximally stretched. The pseudolocality-type result
of Chen (Theorem 2.6.1) prevents the loss of the initial condition in the limit.
4.5.1 Existence on the conformally hyperbolic disc
The original proof in [GT11] exploits Topping’s existence result (Theorem 1.2.2),
which then again relies on Shi’s existence result (Theorem 2.4.1) and a refined variant of
Hamilton’s compactness theorem for sequences of Ricci flows [Ham95a]. The variant
presented here omits this intermediate step.
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Theorem 4.5.1 (Part of [GT11, Theorem 3.1]). Let g0 be a conformally hyperbolic met-
ric on the disc D. Then there exists a unique, maximally stretched and instantaneously
complete Ricci flow
(
g(t)
)
t∈[0,∞) with g(0) = g0. Moreover, if Kg0 ≤ κ0 ∈ [0,∞),
Kg(t) ≤

1
κ−10 − 2t
for all t ∈
[
0, 12κ0
)
if κ0 > 0
0 for all t ∈ [0,∞) otherwise. (4.33)
The curvature estimate (4.33) was not included in the original article [GT11, Theorem
3.1], but in Topping’s earlier work [Top10]; moreover, in the proof of this earlier
existence result (Theorem 1.2.2) it was indispensable. However, it is not just a simple
consequence of a maximum principle, but it additionally relies on the construction in
the proof (→ (4.38)).
Proof. Choosing a global complex coordinate z (→ Remark 2.2.2), we write g0 =
e2u0 |dz|2 for the initial metric and gH = e2h|dz|2 for the complete hyperbolic metric
on the disc D. Let
(
Dj
)
j∈N ⊂ D be a suitable exhaustion of the disc D, such that
Dj b Dj+1 for all j ∈ N, e.g. Dj = D1− 1
j+1
, and let Hj = e
2hj |dz|2 be the complete
hyperbolic metric on the smaller disc Dj .
Furthermore, define Mj := inf
{
M > 1 : g0
∣∣
Dj
≤MHj
}
and let g0,j = e
2u0,j |dz|2
be the smoothed-out ‘pointwise maximum’ of g0
∣∣
Dj
and the rescaled hyperbolic metric
1
j2
Hj of curvature −j2 such that
max
{
g0
∣∣
Dj
,
1
j2
Hj
}
≤ g0,j ≤MjHj . (4.34)
In fact, following [Top10] we can choose a cut-off function Ψ ∈ C∞(R) with Ψ(s) = 0
for s ∈ (−∞,−1], Ψ(s) = s for s ∈ [1,∞) and Ψ′′(s) ≥ 0 for all s ∈ R, and define the
interpolated metric by
g0,j := e
2Ψ
(
hj−log j−u0|Dj
)
g0
∣∣
Dj
. (4.35)
Hence, g0,j is complete and has bounded curvature since
{
z ∈ Dj : g0,j(z) > 1j2Hj(z)
}
b
Dj , in particular we have κ0,j := supDj Kg0,j <∞. Note that the u0,j are non-increasing
(as the 1
j2
Hj are decreasing) and for all z ∈ D and j large enough we have
lim
j→∞
u0,j(z) = u0(z).
Therefore, for each j ∈ N we can apply Shi’s Existence Theorem 2.4.1 to obtain con-
stants Tj = Tj(κ0,j) > 0 and κj = κj(Tj , κ0,j) < ∞, and a unique complete Ricci flow(
gj(t)
)
t∈[0,Tj ] on Dj with gj(0) = g0,j , and Kg(t) ≤ κj for all t ∈ [0, Tj ]. Since by (4.34)
gj(0) ≤ MjHj , we may apply Corollary 4.3.4 to show that each gj(t) can be extended
to exist forever. Define uj(t) such that e
2uj(t)|dz|2 = gj(t).
Using Corollary 2.3.2 to compare uj+1
∣∣
Dj
to uj on Dj , observe that for all (t, z) ∈
[0,∞) × D and j ∈ N sufficiently large such that z ∈ Dj , the sequence
(
uj(t, z)
)
j∈N is
monotone decreasing. Hence, for any U b D and τ ∈ (0,∞), uj is uniformly bounded
above (independently of j) on [0, τ ] × U for sufficiently large j. On the other hand in
order to obtain a uniform lower bound on uj near t = 0, we will follow the ideas of
[Top10] and appeal to the pseudolocality-type result Theorem 2.6.1 of Chen. Since U
4.5. Existence 43
is relatively compact and g0 is smooth, we can choose r0, v0 > 0 sufficiently small such
that for all p ∈ U (and sufficiently large j), there holds
(i) Bg0(p; r0) b Dj , in particular Bgj(t)(p; r0) b Dj for all t ∈ [0, τ ];
(ii)
∣∣Kg0∣∣ ≤ r−20 on Bg0(p; r0);
(iii) volg0 Bg0(p; r0) ≥ v0r20.
Therefore we may apply Theorem 2.6.1 to each such flow gj(t) and obtain a constant
ε = ε(v0, r0) ∈ (0, τ ] such that for sufficiently large j and t ∈ [0, ε]∣∣∣Kgj(t)∣∣∣ ≤ 2r−20 on U . (4.36)
By inspection of the Ricci flow equation (2.5), this gives us a uniform lower bound for
uj on [0, ε]×U for sufficiently large j. For later times [ε, τ ], we can switch to the lower
barrier
(
(2t)gH
)
t∈(0,∞) provided by Lemma 4.2.1(i), i.e.
h
∣∣
Dj
+
1
2
log(2t) ≤ uj(t) (4.37)
for all t ∈ (0, τ ] independently of j.
Combining these estimates, we find that we have uniform upper and lower bounds
for the decreasing sequence uj on [0, τ ] × U (independent of j, for sufficiently large j)
and thus we may apply parabolic regularity to get Ck estimates on the functions uj
(uniform in j, for sufficiently large j) on any compact subset of [0,∞)× D. Therefore
we may define a smooth function u : [0,∞)× D→ R by
u(t, z) := lim
j→∞
uj(t, z),
and the corresponding metric flow g(t) := e2u(t)|dz|2 must be a smooth Ricci flow,
defined for all t ∈ [0,∞), with g(0) = g0. By (4.37) we also have (2t)gH ≤ g(t) on D
for all t ∈ (0,∞), so (g(t))
t∈[0,∞) is instantaneously complete.
To see that
(
g(t)
)
t∈[0,∞) is maximally stretched, let u˜ : [0, ε] × D → R be the
conformal factor of any other Ricci flow with u˜(0, ·) ≤ u0, then the comparison principle
(Corollary 2.3.2) tells us that u˜|Dj (t, z) ≤ uj(t, z) for all z ∈ Dj and t ∈ [0, ε], and
therefore (taking j → ∞) u˜(t, z) ≤ u(t, z) for all z ∈ D and t ∈ [0, ε]. Obviously(
g(t)
)
t∈[0,∞) is unique amongst maximally stretched solutions (→ Remark 2.2.8).
Finally, in order to show the upper curvature bound if supDKg0 <∞, define κ0 :=
supD
[
Kg0
]
+
. Then we have κ0,j ≤ κ0 for all j ∈ N, because using the cut-off function Ψ
from (4.35) and abbreviating wj := hj − log j − u0|Dj , we estimate similarly to [Top10,
Eq. (4.3)]
Kg0,j = −e−2
(
Ψ(wj)+u0|Dj
)
∆
(
Ψ(wj) + u0|Dj
)
= −e−2
(
Ψ(wj)+u0|Dj
) (
Ψ′′(wj)
∣∣Dwj∣∣2 +Ψ′(wj)∆(hj − u0|Dj)+∆u0|Dj)
≤ −e−2
(
Ψ(wj)+u0|Dj
)(
Ψ′(wj)∆hj +
(
1−Ψ′(wj)
)
∆u0|Dj
)
= e
−2
(
Ψ(wj)+u0|Dj
)(
Ψ′(wj)
(
e2hjKHj
)
+
(
1−Ψ′(wj)
) (
e
2u0|DjKg0
∣∣
Dj
))
= −j−2e−2(Ψ(wj)−wj)Ψ′(wj) + e−2Ψ(wj)
(
1−Ψ′(wj)
)
Kg0
∣∣
Dj
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≤
[
Kg0
∣∣
Dj
]
+
≤ κ0 (4.38)
using that Ψ′′ ≥ 0, Ψ′ ∈ [0, 1] and Ψ ≥ 0. Therefore, Proposition 2.5.1 gives a uniform
(in j) bound for the curvature of each Ricci flow
(
gj(t)
)
t∈[0,∞) which survives in the
limit, yielding (4.33).
4.5.2 Existence on the conformally flat plane
Theorem 4.5.2. Let g0 be a conformally flat Riemannian metric on the plane C.
Then there exists a unique, maximally stretched and instantaneously complete Ricci
flow
(
g(t)
)
t∈[0,T ) with g(0) = g0 up to a maximal time T =
1
4pi volg0 C ≤ ∞. Moreover,
if T <∞, then we have
volg(t)C = 4pi(T − t) for all t ∈ [0, T ). (4.39)
Proof. (i) Assume volg0 C <∞. Since
(
C, g0
)
is conformally flat, we may write g0 =
v0|dz|2 for some positive function 0 < v0 ∈ C∞(C). Note that
∥∥v0∥∥L1(C) = volg0 C. The
existence Theorem 4.1.2 for the logarithmic fast diffusion equation provides a solution
v ∈ C∞((0, T ) × C) ∩ C([0, T ),L1(C)) with v(0) = v0; in particular, (g(t))t∈[0,T ) =(
v(t)|dz|2)
t∈[0,T ) is a Ricci flow on C with g(0) = g0. Integrating the square root of
v(t, ·) along any rays and using its minimal decay (4.7), we see that (g(t))
t∈[0,T ) is
instantaneously complete. Hence, by Corollary 4.4.2 it is also maximally stretched.
Finally it satisfies the volume equation (4.39) which corresponds to (4.6).∗
(ii) In the case of infinite volume volg0 C = ∞ we are going to approximate the
solution by a sequence of finite volume solutions: Define a weakly increasing sequence(
g0,j
)
j∈N that converges smoothly locally to g0, but has finite volume volg0,j C < ∞
for each j ∈ N. Then for each j ∈ N, by the first part (i) we have an instantaneously
complete and maximally stretched Ricci flow gj(t) with gj(0) = g0,j , defined for all
t ∈ [0, Tj) up to a maximal time Tj = 14pi volg0,j C→∞ as j →∞. Since each solution
is maximally stretched and
(
gj(0)
)
j∈N is weakly increasing, the sequence
(
gj(t)
)
j∈N is
also weakly increasing for all j ≥ j0 such that t ≤ Tj0 . By Lemma 4.2.1(ii) there is also
a uniform (in j) upper barrier on compact subsets of [0,∞) × C, hence by parabolic
regularity theory, the sequence
(
gj(t)
)
j∈N converges locally smoothly on [0,∞)× C to
a smooth Ricci flow
(
g(t)
)
t∈[0,∞) with g(0) = g0. Since for all t ∈ (0,∞) we have g(t) ≥
gj(t) for all j sufficiently large so that Tj > t, we find that g(t) is also complete. Hence,(
g(t)
)
t∈[0,∞) is instantaneously complete and hence by Corollary 4.4.2 also maximally
stretched.
Note that the construction in the proof of Theorem 4.5.1 for the conformally hyperbolic
solution could also provide the existence of a Ricci flow on C if one found a replacement
for the required lower barrier (Lemma 4.2.1(i)). However, the solution
(
g(t)
)
t∈[0,T ) by
Theorem 4.5.2 is such a barrier, and therefore we obtain the curvature bound (4.33) as
in the conformally hyperbolic case (or even in the original Theorem 1.2.2 by Topping).
Corollary 4.5.3. For maximal T > 0 let
(
g(t)
)
t∈[0,T ) be a conformally flat and in-
stantaneously complete Ricci flow on the plane C. If the Gaussian curvature is initially
∗Alternatively we could use Huber’s generalisation (Theorem A.1.2) of the Gauß-Bonnet theorem
to non-compact but complete surfaces with finite area to see that
´
CKg(t)dµg(t) = 2pi for all t ∈ (0, T ).
Like in the compact case (→ Lemma 3.3.1), the volume equation (4.39) follows from (2.15).
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bounded from above, say Kg(0) ≤ κ0 for some κ0 < ∞, then we have the curvature
estimate (4.33).
4.6 Long-time behaviour on the disc
Finally, we would like to analyse the long-time behaviour of instantaneously complete
Ricci flows on non-compact surfaces. Whilst the a priori estimates from Section 4.3.2
suggest convergence of conformally hyperbolic solutions to the hyperbolic metric, the
situation in the conformally Euclidean case on the plane (or on the infinite cylinder)
turns out to be rather difficult. For instance, one should only compare the behaviour of
a finite area solution which ends in finite time with the lifted flow from a torus, where
the Ricci flow does uniformise (→ Theorem 3.1.1). For a more detailed discussion and
a compilation of known results with references, we refer to Section 5.3.2 in the next
chapter.
We conclude this chapter with the following result which characterises the long-time
behaviour of conformally hyperbolic instantaneously complete Ricci flows on the disc.
Note that, we do not require the solution to be maximally stretched.
Theorem 4.6.1 (Part of [GT11, Theorem 3.1]). If
(
g(t)
)
t∈[0,∞) is an instantaneously
complete and conformally hyperbolic Ricci flow on the complete hyperbolic disc (D, gH),
then the rescaled flow converges smoothly locally
1
2t
g(t) −→ gH as t→∞. (4.40)
Proof. For any r ∈ (0, 1], let Hr be the complete hyperbolic metric on the disc Dr
of radius r and Mr := inf
{
M > 0 : g(0)
∣∣
Dr ≤ MHr
}
. For fixed U b D define δ :=
dist(U , ∂D) > 0, and fix k ∈ N. Using Lemma B.3.2 (with constant C ′ = C ′(δ, k) > 0)
and Lemma 4.3.1 with g(t) = e2u(t)|dz|2 we establish uniform Ck-bounds on U for all
t ≥ 1
sup
U
∣∣∣∣gH∇k ( 12tg(t)− gH
)∣∣∣∣
gH
= sup
U
∣∣∣∣gH∇k ( 12tg(t)
)∣∣∣∣
gH
≤ C ′
∥∥∥∥ 12tg(t)
∥∥∥∥
Ck(D1−δ)
=
√
2C ′
∥∥∥e2(u(t)− 12 log 2t)∥∥∥
Ck(D1−δ)
≤ C
(
k, δ,M1−δ/2
)
. (4.41)
Note that for 0 < s ≤ r ≤ 1 we have gH
∣∣
Ds ≤ Hr
∣∣
Ds ≤ Hs. Using the barriers from
Lemma 4.2.1 we can estimate for any r ∈ (1− δ, 1) on Dr c U
0 ≤ 1
2t
g(t)− gH =
(
1
2t
g(t)−Hr
)
+
(
Hr − gH
) ≤ Mr
2t
Hr +
(
Hr − gH
)
.
Therefore
lim sup
t→∞
∥∥∥∥ 12tg(t)− gH
∥∥∥∥
C0(U ,gH)
≤ lim sup
t→∞
Mr
2t
∥∥∥Hr∥∥∥
C0(U ,gH)
+
∥∥∥Hr − gH∥∥∥
C0(U ,gH)
=
∥∥∥Hr − gH∥∥∥
C0(U ,gH)
r↗1−→ 0. (4.42)
Combining the local uniform Ck-bounds (4.41) with the C0-convergence (4.42) we ob-
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tain local convergence in the Ck-norm∥∥∥∥ 12tg(t)− gH
∥∥∥∥
Ck(U ,gH)
t→∞−→ 0.
Chapter 5
Ricci flow on arbitrary surfaces
In this chapter we are going to generalise the results of existence, uniqueness and
long-time behaviour from simply connected surfaces in the previous two chapters to
surfaces with arbitrary topology. The key observation is that almost all the results for
a lifted solution on the (simply connected) universal cover of a given surface directly
transfer to the Ricci flow on the base; merely the issue of existence requires a little
more caution.
5.1 Existence
A direct consequence of the uniqueness property of maximally stretched Ricci flows
(Remark 2.2.8) is the preservation of isometries under the flow.
Lemma 5.1.1. Let
(
g(t)
)
t∈[0,T ] be a maximally stretched Ricci flow on a surface
M2. Then the isometry group does not shrink under the flow: Isom(M, g(0)) ⊂
Isom
(M, g(t)) for all t ∈ [0, T ].
Proof. Pick any ψ ∈ Isom(M, g(0)). Since the Ricci flow is invariant under diffeomor-
phisms, ψ∗g(t) is again a solution to the Ricci flow with ψ∗g(0) = g(0) for all t ∈ [0, T ].
Because g(t) is maximally stretched, we have ψ∗g(t) ≤ g(t) and also (ψ−1)∗g(t) ≤ g(t)
for all t ∈ [0, T ]. Pulling back the latter inequality by ψ yields g(t) ≤ ψ∗g(t). Therefore
g(t) = ψ∗g(t) and ψ ∈ Isom(M, g(t)) for all t ∈ [0, T ].
Using the universal cover, we may now reduce the proof of existence of instantaneously
complete Ricci flows on arbitrary surfaces to simply connected ones, which we have
dealt with throughly in the previous chapters.
Theorem 5.1.2 (Part of [GT11, Theorem 1.3]). Let
(M2, g0) be a smooth Riemannian
surface which need not be complete, and could have unbounded curvature. Depending
on the conformal class, we define T ∈ (0,∞] by
T :=

volg0M
4pi χ(M) if
(M, g0) is not conformally hyperbolic and χ(M) > 0∗,
∞ otherwise.
(5.1)
Then there exists a smooth Ricci flow
(
g(t)
)
t∈[0,T ) such that
∗This includes the sole cases that
(M, g0) is conformally equivalent either to the round sphere(
S2, gS
)
, the projective plane
(
RP 2, gS
)
or the Euclidean plane
(
C, gE
)
. Note that in the latter case,
also T =∞ if volg0 C =∞.
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(i) g(0) = g0;
(ii)
(
g(t)
)
t∈[0,T ) is instantaneously complete;
(iii)
(
g(t)
)
t∈[0,T ) is maximally stretched,
and this flow is unique in the sense that if
(
g2(t)
)
t∈[0,T2) is any other Ricci flow on M
satisfying (i) and (iii), then T2 ≤ T and g2(t) = g(t) for all t ∈ [0, T2).
If T <∞, then we have
volg(t)M = 4pi χ(M) (T − t) −→ 0 as t↗ T, (5.2)
and in particular, T is the maximal existence time. Moreover, if Kg0 ≤ κ0 <∞, then
Kg(t) ≤

1
1/κ0 − 2t for all t ∈
[
0, 12κ0
)
if κ0 > 0,
0 for all t ∈ [0,∞) otherwise. (5.3)
Proof. Let pi : M˜ →M be a universal covering ofM with the lifted metric g˜0 = pi∗g0,
and let Γ := Deck(pi) < Isom(M˜, g˜0) be the associated discrete subgroup of the isometry
group, isomorphic to the fundamental group pi1(M), such that M ∼= M˜/Γ. Then by
virtue of the Uniformisation Theorem A.2.4,
(M˜, g˜0) is conformally equivalent either
to the round sphere
(
S2, gS
)
, to the flat plane
(
C, gE
)
or to the hyperbolic disc
(
D, gH
)
.
Therefore by Theorems 3.3.2, 4.5.2 and 4.5.1 respectively there exists an instanta-
neously complete and maximally stretched Ricci flow
(
g˜(t)
)
t∈[0,T ) on M˜ with g˜(0) = g˜0
up to a maximal time
T =

1
8pi volg˜0 M˜ if
(M˜, g˜0) ∼= (S2, gS),
1
4pi volg˜0 M˜ if
(M˜, g˜0) ∼= (C, gE),
∞ if (M˜, g˜0) ∼= (D, gH).
By Lemma 5.1.1, Γ acts by isometries on
(M˜, g˜(t)) for every t ∈ [0, T ), so we may
quotient g˜(t) to obtain uniquely a maximally stretched and instantaneously complete
solution g(t) = pi∗g˜(t) onM∼= M˜/Γ for all t ∈ [0, T ) with g(0) = g0. Using the relation
|Γ| · volg0M = volg˜0 M˜ we are going to phrase the maximal existence time T in terms
of
(M, g0) by distinguishing the only cases:
T =

1
8pi volg0M if
(M˜, g˜0) ∼= (S2, gS) and |Γ| = 1 =⇒ (M, g0) ∼= (S2, gS)
1
4pi volg0M if
(M˜, g˜0) ∼= (S2, gS) and |Γ| = 2 =⇒ (M, g0) ∼= (RP 2, gS)
1
4pi volg0M if
(M˜, g˜0) ∼= (C, gE) and |Γ| = 1 =⇒ (M, g0) ∼= (C, gE)
∞ if (M˜, g˜0) ∼= (C, gE) and |Γ| =∞
∞ if (M˜, g˜0) ∼= (D, gH).
If T <∞, then |Γ| <∞, and the volume equation (5.2) descends from the corresponding
ones (3.20) and (4.39) for the lifted Ricci flow divided by |Γ| = χ(M˜)χ(M) :
volg(t)M =
1
|Γ| volg˜(t) M˜ =
4pi χ(M˜)
|Γ| (T − t) = 4pi χ(M)(T − t) for all t ∈ [0, T ).
Finally, if Kg0 ≤ κ0 <∞ the curvature estimate (5.3) follows from Proposition 2.5.1 if
5.2. Uniqueness 49
M is compact, and from Theorem 4.5.1 and Corollary 4.5.3 otherwise.
5.2 Uniqueness
The uniqueness of the solution in Theorem 5.1.2 originates from the requirement (iii)
that it is maximally stretched. A more interesting question would be, whether the
solution is also unique within the class of instantaneously complete Ricci flows starting
at g0. Using the characterisation of solutions of Theorem 5.1.2 by the property that
they are maximally stretched, we can rephrase the issue of uniqueness conjectured by
Topping from [Top10] as follows.
Conjecture 5.2.1 (Topping [Top10]). Every instantaneously complete Ricci flow on
a surface is maximally stretched.
Whilst the conjecture is trivial for Ricci flows on compact surfaces by virtue of Hamil-
ton’s uniqueness Theorem 2.4.1, the other non-hyperbolic cases were proved first in
[GT11] where the authors exploited a comparison principle of Rodriguez, Vazquez
and Esteban for the logarithmic fast diffusion equation [RVE97] as we have described
in detail in Section 4.4.1.
Theorem 5.2.2 ([GT11, Theorem 1.6]). Suppose
(
g(t)
)
t∈[0,T ] is an instantaneously
complete Ricci flow on the Riemannian surface
(M, g(0)) which does not admit any
complete hyperbolic metric. Then
(
g(t)
)
t∈[0,T ] is maximally stretched.
Proof. Let pi : M˜ → M be a universal covering. Then, by virtue of the uniformi-
sation theorem (Corollary A.2.5),
(M˜, pi∗g(0)) is conformally equivalent either to the
round sphere
(
S2, gS
)
or to the complex plane
(
C, gE
)
. Therefore, the lifted, still in-
stantaneously complete Ricci flow
(
pi∗g(t)
)
t∈[0,T ] is maximally stretched by virtue of
Corollaries 3.3.3 and 4.4.2 respectively. But then the original Ricci flow
(
g(t)
)
t∈[0,T ] on
the base M has to be maximally stretched, too.
Note that no curvature assumption is made on g(t) in the theorem above. This can be
compared to a result of Chen which would imply this type of strong uniqueness in the
case that (M, g0) is complete, of bounded curvature and with controlled geometry (see
Theorem 5.2.7 below).
5.2.1 Conformally hyperbolic Ricci flows
In order to show that an instantaneously complete and conformally hyperbolic Ricci
flow corresponds to the solution provided by Theorem 5.1.2, up to now we have to make
two additional assumptions: Initially it has to be bounded from above by a multiple
of the hyperbolic metric and the curvature has to be controlled from above for a short
time.
Theorem 5.2.3. Let
(
g(t)
)
t∈[0,T ] be an instantaneously complete Ricci flow on a hy-
perbolic surface
(M2, gH) such that g(0) is conformally equivalent to gH. Suppose that
for some constants M > 0 and ε ∈ (0, T ] and some integrable f ∈ L1([0, ε)), we have
g(0) ≤MgH and Kg(t) ≤ f(t) for all t ∈ [0, ε), then
(
g(t)
)
t∈[0,T ] is maximally stretched.
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Proof. Let
(
G(t)
)
t∈[0,∞) be the maximally stretched Ricci flow with G(0) = g(0)
provided by Theorem 5.1.2. Therefore by (5.3), there is some τ ∈ (0, T ] such that
supMKG(t) <∞ for all t ∈ [0, τ ] because KG(0) ≤ f(0). Hence we can apply Theorem
4.4.4 to both flows and conclude the theorem’s statement.
The following is a slight generalisation of a result from [GT10], where we require the
initial metric to have strictly negative curvature, which implies the upper barrier by a
multiple of the hyperbolic metric.
Corollary 5.2.4. For some constants T > 0, η > 0 and ε ∈ (0, T ] and some integrable
f ∈ L1((0, ε)), let (g(t))
t∈[0,T ] be an instantaneously complete Ricci flow on a surface
M2 such that Kg(0) ≤ −η and Kg(t) ≤ f(t) for all t ∈ (0, ε). Then
(
g(t)
)
t∈[0,T ] is
maximally stretched.
5.2.2 Relation to the classical Ricci flow
The contribution of Chen and Zhu [CZ06] to Theorem 2.4.1 was the uniqueness in the
complete case with bounded curvature. In our situation where the underlying manifold
is two-dimensional, this is much simpler to prove. The statement and proof are as
follows.
Theorem 5.2.5. Let
(
g1(t)
)
t∈[0,T ] and
(
g2(t)
)
t∈[0,T ] be two complete Ricci flows on a
surface M2, with uniformly bounded curvature ∣∣Kgi(t)∣∣ ≤ κ < ∞ for all t ∈ [0, T ] and
i ∈ {1, 2}. If g1(0) = g2(0), then g1(t) = g2(t) for all t ∈ [0, T ].
Proof. Since g1(t) and g2(t) are conformally equivalent, we may defineQ ∈ C∞
(
[0, T ]×
M) via g1(t) = e2Q(t)g2(t) for all t ∈ [0, T ]. Differentiating this relation (→ (4.31))
yields ∂∂tQ(t) = Kg2(t) − Kg1(t). Since Q(0) = 0 and the curvatures are uniformly
bounded by κ, we have∣∣∣∣ ∂∂tQ(t)
∣∣∣∣ = ∣∣∣Kg2(t) −Kg1(t)∣∣∣ ≤ 2κ =⇒ ∣∣Q(t)∣∣ ≤ 2κt
for all t ∈ [0, T ]. Because both g1 and g2 are complete and have uniformly bounded
curvature, we may apply twice Theorem 4.4.3 taking either g˜ = mint∈[0,T ] g1(t) or
g˜ = mint∈[0,T ] g2(t) to obtain g2(t) ≤ g1(t) and g1(t) ≤ g2(t) respectively for all t ∈
[0, T ].
Since the uniqueness Conjecture 5.2.1 has not been fully resolved, it is a priori conceiv-
able that in the case that (M, g0) is complete and of bounded curvature, the Ricci flow
we construct in Theorem 5.1.2 could be different from the classical solution of Theo-
rem 2.4.1 by Hamilton or Shi. In fact, one could think of a complete, conformally
hyperbolic Ricci flow with uniformly bounded curvature starting from a metric which
is not bounded from above by a multiple of the hyperbolic metric, e.g. 1
(1−|z|2)4 |dz|2 on
the disc D, which is certainly not covered by Theorem 5.2.3. However, we rule out this
possibility in the following corollary.
Corollary 5.2.6 ([GT11, Theorem 1.8]). Every complete Ricci flow
(
g(t)
)
t∈[0,T ] on a
surface M2 with bounded curvature is maximally stretched.
Proof. Let κ := maxt∈[0,T ] supM
∣∣Kg(t)∣∣ <∞ be the uniform bound for the curvature
of
(
g(t)
)
t∈[0,T ], and let
(
G(t)
)
t∈[0,T ] be the complete and maximally stretched Ricci flow
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from Theorem 5.1.2 starting at G(0) = g(0). Note that by Chen’s Theorem 2.5.2 we
have the uniform lower bound to the curvature KG(t) ≥ −κ for all t ∈ [0, T ]. If κ ≤ 0
or T < 12κ , then estimate (5.3) already tells us that supMKG(t) < ∞ for all t ∈ [0, T ],
and the statement follows from Theorem 5.2.5.
Otherwise, we can inductively apply Theorems 5.2.5 and 5.1.2 to extend the upper
curvature bound of G(t) to the whole time interval [0, T ]: Assume for some τ ∈ [0, T )
we have supMKG(t) ≤ κ for all t ∈ [0, τ ], then we can apply Theorem 5.1.2 to G(τ) and
obtain a new Ricci flow which coincides with G(t) but from (5.3) it has a new curvature
bound supMKG(t) < ∞ for all t ∈
[
0,min {T, τ + 1/2κ}). By Theorem 5.2.5, we have
g(t) = G(t) and in particular KG(t) = Kg(t) ≤ κ for all t ∈
[
0,min {T, τ + 1/2κ}].
Gradually repeating this step, we obtain g(t) = G(t) for all t ∈ [0, T ].
Finally, Corollary 5.2.6 allows us to state Chen’s strong uniqueness result from [Che09]
in terms of Conjecture 5.2.1. It is a direct consequence of the curvature bounds (Corol-
lary 2.6.2) obtained by a more elaborated variant of Perelman’s pseudolocality.
Theorem 5.2.7 (Chen [Che09, Theorem 3.10]). For some constants κ0 < ∞ and
v0 > 0 let
(
g(t)
)
t∈[0,T ] be a complete Ricci flow on a surface M2 such that
∣∣Kg(0)∣∣ ≤ κ0
and volg(0) Bg(0)(p; 1) ≥ v0 for all p ∈ M. Then
(
g(t)
)
t∈
[
0,min{T,κ−10 }
] is maximally
stretched.
5.3 Long-time behaviour
In Section 3.1 we have summarised Hamilton and Chow’s classical result about the
asymptotic behaviour of the normalised Ricci flow on compact surfaces. Together with
the results in the conformally hyperbolic case on non-compact surfaces (→ §4.3.2 and
§4.6), we can summarise:
Theorem 5.3.1 ([Ham88, Theorem 1.3], [Cho91, Theorem 1.2]; [GT11, Theorem 1.3]).
Suppose
(
g(t)
)
t∈[0,T ) is an instantaneously complete Ricci flow with maximal existence
time T ∈ (0,∞] according to (5.1) on a surface M2 such that (M2, g(0)) is not con-
formally Euclidean† then the rescaled flow
1
2(T − t) g(t) if g(0) is conformally spherical,
1
2t
g(t) if g(0) is conformally hyperbolic
converges smoothly and locally to the complete conformal metric gS or gH of constant
curvature 1 or −1 respectively as t ↗ T . Moreover, if g(0) is either conformally
spherical or bounded from above by a multiple of the hyperbolic metric, i.e. for some
M > 0 we have g(0) ≤ MgH, then the convergence is global: For any k ∈ N0 and
†Recall that we denote a surface to be conformally Euclidean if it is conformally equivalent to the
flat plane (C, gE) or to the flat cylinder (R× S1, gE).
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η ∈ (0, 1) there is a constant C = C(k, η, g(0)) > 0‡ such that∥∥∥∥ 12(T − t)g(t)− gS
∥∥∥∥
Ck(M,gS)
≤ C(T − t)1−η for all t ∈ [0, T ),
or
∥∥∥∥ 12tg(t)− gH
∥∥∥∥
Ck(M,gH)
≤ C
t1−η
for all t ∈ [1,∞)
(5.4)
respectively.
Proof. Let pi : M˜ → M be the universal covering with M˜ ∈ {S2,D} and let(
g˜(t)
)
t∈[0,T ) =
(
pi∗g(t)
)
t∈[0,T ) be the lifted Ricci flow. If M˜ = S2, we already have
global (and local) smooth convergence to the spherical space form on S2 and therefore
also for the unlifted flow on the base M∈ {S2,RP 2} by virtue of Corollary 3.4.6.
On the other hand if M˜ = D, in order to show local convergence on an arbitrary ball
BgH(p; r) in
(M, gH), choose a point p˜ ∈ pi−1({p}) and consider the ball Bpi∗gH(p˜; r) ⊂ D.
Then the local smooth convergence of 12tg(t) to gH on BgH(p; r) is a consequence of
Theorem 4.6.1 which we can apply to show smooth convergence of 12t g˜(t) to pi
∗gH on
Bpi∗gH(p˜; r). The global convergence in the case that g(0) ≤ MgH for some M > 0 is
the statement of Theorem 4.3.2.
Using Definiton 2.2.4 of the normalised Ricci flow and its conversions (3.4) and (4.15),
we rewrite the above statement in the following unifying way:
Corollary 5.3.2. Suppose
(
g¯(t¯)
)
t¯∈[0,∞) is a complete normalised Ricci flow on a surface
M2 such that (M2, g¯(0)) is not conformally Euclidean, then it converges smoothly and
locally to the complete conformal metric gκ¯ ∈ {gS, gH} of constant curvature Kgκ¯ ≡
κ¯ ∈ {1,−1} respectively as t¯ ↗ ∞. Moreover, if g¯(0) is either conformally spherical
or bounded from above by a multiple of the hyperbolic metric, i.e. for some M > 0 we
have g¯(0) ≤ MgH, then the convergence is global: For any k ∈ N0 and η ∈ (0, 1) there
is a constant C = C(k, η, g¯(0)) > 0 such that∥∥∥g¯(t¯)− gκ¯∥∥∥
Ck(M,gκ¯)
≤ Ce−2(1−η)t¯ for all t ∈ [1,∞). (5.5)
Remark 5.3.3. For the analysis of the long-time behaviour it is not important whether
the initial metric is complete or not. Moreover, by the conversion of the conformally
hyperbolic unnormalised flow via (4.15), the associated normalised solution will be
eternal. Hence, at time t¯ = 0 it is complete and will be still below some multiple of the
hyperbolic metric, provided that this is true for initial unnormalised metric.
5.3.1 Further results about conformally hyperbolic Ricci flows
The combination of Theorem 5.1.2, Corollary 5.2.6 and Theorem 5.3.1 generalises a
number of other results which have appeared recently, proved with different techniques:
• In the special case that the initial surface (M, g0) is complete, topologically finite,
with negative Euler characteristic χ(M) < 0, and on each end of M the initial
metric g0 is asymptotic to a multiple of a hyperbolic cusp metric [JMS09] or
of a funnel metric [AAR09], Lizhen Ji, Rafe Mazzeo and Natasa Sˇesˇum or
Pierre Albin, Clara L. Aldana and Fre´de´ric Rochon respectively show
‡In fact, in the hyperbolic case C depends on the constant M rather than the whole metric g(0).
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existence and exponentially fast, smooth uniform convergence of the normalised
Ricci flow to the unique complete metric of constant curvature in the conformal
class of g0. Since the number of cusp or funnel ends is finite and their complement
is compact we observe that there exists a conformally equivalent metric MgH of
constant negative curvature with g0 ≤ MgH and we may apply alternatively
Theorem 5.1.2 and Corollary 5.3.2.
• If (M2, g0) is a complete Riemannian surface with asymptotically conical ends
and negative Euler characteristic χ(M) < 0, then James Isenberg, Mazzeo
and Sˇesˇum show in [IMS12] the existence of a Ricci flow
(
g(t)
)
t∈[0,∞) on M,
with g(0) = g0, and smooth local convergence of the rescaled flow t
−1g(t) to a
complete metric of constant negative curvature and finite area in the conformal
class of g0. This is a special case of Theorems 5.1.2 and 5.3.1.
• For an initial metric g0 on the disc D which is bounded above and below by
positive multiples of the complete hyperbolic metric gH, Oliver C. Schnu¨rer,
Felix Schulze andMiles Simon show existence and exponentially fast, smooth
uniform convergence of the normalised Ricci flow to gH in [SSS11]. Theorem
5.1.2 and Corollary 5.3.2 imply that the metrical equivalence§ can be weakened
to g0 ≤ MgH for some M > 0. Moreover, without this condition we still have
smooth local convergence.
5.3.2 Conformally Euclidean solutions
The situation in the conformally Euclidean case is much more involved. First, in
contrast to the non-flat cases, where one can choose the curvature of the limiting space
form up to a sign, there is no natural scaling for a flat metric on C. Whereas the
Ricci flow uniformises compact conformally Euclidean surfaces towards the flat metric
of the same volume, on the non-compact plane (or even on the infinite cylinder) several
different phenomena arise: If the volume is finite the flow ends in finite time (Theorem
5.1.2); on the other hand we have the stationary flat solution gE and Hamilton’s cigar
soliton gΣ (→ § 6.2.1). Whilst both exist for all time, the Ricci flow of the latter one
is self-similar and hence not uniformising.
Infinite area
Lang-Fang Wu introduced in [Wu93] two criteria to distinguish such immortal (i.e. in-
finite volume) cases.
Definition 5.3.4. Let g be a complete conformally flat metric on the plane C. The
circumference at infinity of g is
C∞(g) = sup
KbC
inf
{
Lg(∂U) : open U ⊃ C with U ⊃ K
}
(5.6)
and its aperature
A(g) =
1
2pi
lim
r→∞
Lg
(
∂Bg(p; r)
)
r
. (5.7)
Of the above examples we have: C∞(gE) = ∞ and A(gE) = 1, C∞(gΣ) = 2pi and
A(gΣ) = 0. Since there is no natural choice (scaling) of the flat limit, we need the
following slightly weaker notion of convergence.
§Two metrics g and h on a manifold M are equivalent, if C−1g ≤ h ≤ Cg for some C ∈ (0,∞).
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Definition 5.3.5. A Ricci flow
(
g(t)
)
t∈[0,∞) on a surface M2 has modified sub-
sequence convergence if there exists a one-parameter family of diffeomorphisms(
ϕt
)
t∈[0,∞) ⊂ Diff(M) such that for any sequence
(
tj
)
j∈N with tj → ∞ as j → ∞,
there exists a subsequence (denoted again by
(
tj
)
j∈N) for which ϕ
∗
tjg(tj) converges
uniformly locally as j →∞.
Theorem 5.3.6 (Part of [Wu93, Main Theorem]). A complete Ricci flow
(
e2u(t)|dz|2)
t∈[0,∞)
on C whose Gaussian curvature
∥∥Ku(0)∥∥L∞(C) < ∞ and the gradient of its confor-
mal factor
∥∥grad(log u(0))∥∥
L∞(C) < ∞ are bounded initially has modified subsequence
convergence. Moreover, assuming that the Gaussian curvature Ku(0) > 0 is initially
positive, then the limiting metric is a cigar, if C∞
(
u(0)
)
<∞, or flat if A(u(0)) > 0.
Isenberg and Mohammad Javaheri proved a variant [IJ09] where they replaced the
requirements of positive curvature and bounded gradient of the conformal factor by
just imposing the conformal factor to be bounded initially or in other words, the initial
metric to be equivalent to a flat metric.
Theorem 5.3.7 ([IJ09, Theorem 2]). Let
(
g(t)
)
t∈[0,∞) be a complete Ricci flow on
the plane C such that g(0) is equivalent to a flat metric and has bounded curvature
supC
∣∣Kg(0)∣∣ <∞. Then it has smooth modified subsequence convergence to a flat metric.
Schnu¨rer, Schulze and Simon have investigated the stability of the Euclidean space
under Ricci flow (mainly in higher dimensions), and state the following two results
about the two-dimensional case in [SSS08], which generalise the above results.
Theorem 5.3.8 ([SSS08, Theorems A.1 and A.2]). Let
(
g(t)
)
t∈[0,∞) be a complete
conformal Ricci flow on the plane
(
C, gE
)
such that g(0) is equivalent to gE. Then it
converges subsequentially, locally and smoothly to a flat metric (i.e. a multiple of gE).
Moreover, if we write g(t) = e2u(t)gE and additionally have
sup
C\Dr
∣∣u(0)∣∣ r→∞−→ 0, (5.8)
then the convergence is global with unique limit gE, more precisely for each k ∈ N0 one
has ∥∥∥g(t)− gE∥∥∥
Ck(C,gE)
t→∞−→ 0.
Finite area
The case of finite area is even more subtle since the unnormalised (instantaneously
complete) Ricci flow does not preserve the area, and in fact, it ends at the time T =
1
4pi volg(0)C. Daskalapoulos and Hamilton [DH04] showed that this finite time
singularity is of type II, i.e. the blow-up of the curvature is faster than 1T−t .
¶
Theorem 5.3.9 ([DH04, Theorem 1.2]). Let
(
g(t)
)
t∈[0,T ) be a conformally flat, com-
plete Ricci flow on C such that T = 14pi volg(0)C < ∞ and sup C
∣∣Kg(t)∣∣ < ∞ for all
t ∈ [0, T ). Then there exist constants c > 0 and C <∞ such that for t ∈ [0, T )
c
(T − t)2 ≤ supC Kg(t) ≤
C
(T − t)2 .
¶See [Ham95b, §16] for a classification of Ricci flow singularities.
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John R. King did a formal analysis of this extinction behaviour for radial symmetric
solutions [Kin93]. He describes an outer region where the solution becomes asymptoti-
cally a hyperbolic cusp, and an inner region where the solution becomes asymptotically
a cigar. Daskalapoulos verified this rigorously in collaboration with del Pino in
the rotationally symmetric case [DdP07] and with Sˇesˇum in the general case [DS10].
The survey [IMS11, Theorem 4.4] summarises these results as follows:
Theorem 5.3.10 (Daskalapoulos, del Pino and Sˇesˇum. [DdP07], [DS10]). Let(
v(t)|dz|2)
t∈[0,T ) be an instantaneously complete Ricci flow on C such that v(0) is com-
pactly supported‖ and T = 14pi
´
C v(0) dµ.
(i) In the outer region where log |z| > TT−t , the Ricci flow
(
v(t)|dz|2)
t∈[0,T ) converges
after an appropriate change of variables and rescaling to a hyperbolic cusp solution
2t
|z|2(log |z|)2 |dz|
2.
(ii) In the inner region where log |z| ≤ TT−t , the Ricci flow
(
v(t)|dz|2)
t∈[0,T ) decays
exponentially in time and converges, after another appropriate change of variables
and rescaling to a cigar solution(
T
2
|z|2 + e 2TT−t
)−1
|dz|2.
‖Although v(0)|dz|2 is not a valid metric, it makes sense to regard (v(t)|dz|2)
t∈(0,T ) as a complete
Ricci flow with v(0)|dz|2 as its initial condition.
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Chapter 6
Ricci flows with unbounded
curavature
The generalisation in the previous chapter (Theorem 5.1.2) of the classical existence
results for Ricci flows on surfaces allows us to start from surfaces with unbounded
curvature. Hence, one might wonder whether Ricci flows with unbounded curvature
at later times does exist at all. The answer to this question might affect the proof of
the full uniqueness Conjecture 5.2.1 for conformally hyperbolic solutions, since all our
approaches so far use some kind of curvature bounds (→ §5.2.1). Note that all results
in this chapter have been published in the article [GT12] by Peter Topping and the
author.
6.1 Introduction
A Ricci flow
(
g(t)
)
t∈[0,T ] starting from an incomplete surface or a surface with un-
bounded curvature will have unbounded curvature in the sense
sup
t∈(0,T ]
sup
M
∣∣Kg(t)∣∣ =∞,
as the curvature blows up in the limit t↘ 0. So one might wonder:
Can there exist a complete Ricci flow
(
g(t)
)
t∈[0,T ], on a surface, with un-
bounded curvature for some t ∈ (0, T ), i.e. supM
∣∣Kg(t)∣∣ =∞?
Note that Chen’s a priori estimate (Corollary 2.5.3) excludes the possibility of having
an (instantaneously) complete Ricci flow with Gaussian curvature unbounded from
below for any later time. However, in this chapter we are going to construct an example
of a Ricci flow of unbounded curvature, confirming the above question.
Theorem 6.1.1 ([GT12, Theorem 1.2]). On every non-compact Riemann surface M2
there exists a complete immortal Ricci flow
(
g(t)
)
t∈[0,∞) with unbounded curvature
supMKg(t) =∞ for all t ∈ [0,∞).
Remark 6.1.2. By taking the Cartesian product of the flows in Theorem 6.1.1 with
Rn, one can construct examples of complete Ricci flows with unbounded curvature in
higher dimensions.
Note that, prior to our work in [GT12] Esther Cabezas-Rivas and Burkhard
Wilking have shown us constructions in higher dimensions where one has Ricci flows
with unbounded curvature for all times which also have positive curvature (→ [CRW11]).
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Outline
We start by summarising some known facts about the cigar and its associated Ricci
flow solution (§6.2.1). In the following main part (§6.2.2) we prove some results about
Ricci flows starting at a surface containing a truncated cigar. The goal is to show that
the cigar is mostly preserved for as long as we want regardless of the geometry of the
surrounding surface — provided the cigar was initially long enough. The proof involves
the construction of suitable barriers using the maximum principle in conjunction with a
version of Perelman’s pseudolocality theorem due to Chen (Theorem 2.6.1). Exploit-
ing these barriers we will apply an isoperimetric inequality by Gerrit Bol (Theorem
A.4.1) to show that the maximum of the curvature in that cigar region is universally
bounded from below by a suitable positive constant for as long as we want. Finally, in
Section 6.3 we conclude the proof of Theorem 6.1.1 by patching a sequence of longer
and longer shrunken cigars onto an arbitrary non-compact Riemannian surface such
that both its curvature is unbounded and if we flow it using Theorem 5.1.2 the results
of Section 6.2 ensure that the curvature stays unbounded. We remark that the earlier
construction of Cabezas-Rivas and Wilking [CRW11] in higher dimensions is also
constructed out of cigars.
6.2 A priori estimates
6.2.1 Hamilton’s cigar
In this section we collect some known results about Hamilton’s cigar soliton. For
further details we refer to [CK04, §2.2.1] or [CLN06, §4.3].
On C we write the cigar metric gΣ in terms of a global complex coordinate z = x+iy
gΣ(z) =
|dz|2
1 + |z|2 with Gaussian curvature KgΣ(z) =
2
1 + |z|2 . (6.1)
The centric geodesic ball of radius r > 0 corresponds in complex coordinates to
BgΣ(0; r) = Dsinh r ⊂ C.
Being a steady Ricci soliton, one can associate a self-similar Ricci flow – the cigar
solution
(
gΣ(t)
)
t∈R on C – defined by
gΣ(t; z) = e
2uΣ(t,z)|dz|2 = |dz|
2
e4t + |z|2 =⇒ uΣ(t, z) = −
1
2
log
(
e4t + |z|2) . (6.2)
After puncturing at its tip z = 0, we write the cigar in cylindrical coordinates (`, θ) ∈
R× S1 =: C defined by z = e`+iθ as
gΣ(`, θ) =
d`2 + dθ2
e−2` + 1
≤ d`2 + dθ2. (6.3)
For large |z| = e` the cigar is almost a flat cylinder and therefore we expect the geodesic
distance from its tip at ` = −∞ to a point (`, θ) to be roughly ` for large `. In fact we
have
`+ log 2 ≤ distgΣ
(
(−∞, θ), (`, θ)) = arsinh e` ≤ `+ 1 for all ` ≥ 0. (6.4)
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Similarly, the area of a ball of large radius r > 0 around the tip should be roughly the
area of a cylinder of length ` ∼ r, i.e. volgΣ ∼ 2pi`; more precisely we have the lower
estimates
volgΣ
(
(−∞, `)× S1) = 2pi log cosh arsinh e` ≥ 2pi` for all ` ≥ 0 (6.5)
and volgΣ
(BgΣ(0; r)) = 2pi log cosh r ≥ 2pi(r − log 2) for all r ≥ 0. (6.6)
The following two estimates quantify further the assertion above that the cigar is asymp-
totically a flat cylinder: For any r > 0 and for any point in C \ BgΣ(0; r), i.e. for all
(`, θ) ∈ (log sinh r,∞)× S1 ⊂ C, we have the rough estimates for the metric(
1− 1
r2
)(
d`2 + dθ2
) ≤ (tanh r)2 (d`2 + dθ2) ≤ gΣ(`, θ) ≤ d`2 + dθ2 (6.7)
(because
(
tanh r
)2 (
d`2 + dθ2
)
= gΣ(log sinh r, θ)) and for the Gaussian curvature
sup
(log sinh r,∞)×S1
KgΣ =
2
(cosh r)2
≤ 2
r2
. (6.8)
In cylindrical coordinates the self-similarity of the cigar solution is more obvious: under
the Ricci flow it just translates:
gΣ(t; `, θ) =
d`2 + dθ2
e4t−2` + 1
= gΣ(`− 2t, θ). (6.9)
Consequently, thinking again of it as a cylinder for sufficiently large ` > 2t which now
translates in time, we expect the distance to its tip to behave like ∼ `−2t, and similarly
the area of the gΣ-geodesic ball, centred at the tip, of radius r should behave like the
area of a cylinder of length r − 2t, i.e. ∼ 2pi(r − 2t); more precisely we have the lower
estimates
distgΣ(t)
(
0, ∂BgΣ(0; r)
)
= arsinh e(log sinh r)−2t ≥ r − 2t and (6.10)
volgΣ(t) BgΣ(0; r) = 2pi log cosh arsinh e(log sinh r)−2t ≥ 2pi
(
r − 2t− log 2). (6.11)
6.2.2 Ricci flows containing cigars
The Ricci flow we construct to
prove Theorem 6.1.1 will start
with a metric containing count-
ably many truncated cigars, at
smaller and smaller scales, and
which are longer and longer.
The proof will rely on each
truncated cigar evolving much like
a whole cigar would evolve, for
a very long time, irrespective of
how wild the metric is beyond the
cigar part. However, great care
is required to establish such be-
haviour, as is indicated by the fol-
lowing example.
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Theorem 6.2.1 (Topping [Top05]). Given ε > 0 (however small) there exists a Ricci
flow
(
g(t)
)
t∈[0,ε) on the closed unit disc D ⊂ C (smooth on [0, ε)×D) such that g(0) is
the standard flat metric on the unit disc, but for which
volg(t)(D)→ 0 and infD Kg(t) →∞
as t↗ ε. Moreover, if we write g(t) = e2u(t)|dz|2 then supD u(t)→ −∞ as t↗ ε.
Proof. Let M be S2, and equip it with an initial metric g0 so that (M, g0) arises by
taking a cylinder S1r× [−1, 1], where S1r is the circle of length 2pir, and capping the ends
with round hemispheres of the appropriate size:
p
1
r
If we take the Ricci flow g(t) starting at g(0) = g0 given by Theorem 5.1.2 then we
know it exists precisely until time 18pi volg0 S
2 = 12(r + r
2) = ε (for appropriate r > 0)
and as t↗ ε, we have
inf
M
Kg(t) →∞,
because as a result of Corollary 3.4.6, g(t) converges to the shrinking round sphere as
it vanishes.
Now pick p ∈ M mid-way along the cylindrical part of S2. Then g0 is flat on
Bg0(p; 1). Consider the map F : D → S2 defined by restricting the exponential map
expp, with respect to the metric g(0), where D is seen as the closed unit 2-disc in the
tangent space TS2p. This way, the image of F does not intersect the hemispherical caps
in the construction of the initial manifold, and is an immersion.
We construct a Ricci flow
(
gˆ(t)
)
t∈[0,ε) on D by defining gˆ(t) = F
∗(g(t)) at each time
t ∈ [0, ε). Then (D, gˆ(0)) is the flat unit 2-disc, the curvature blows up everywhere at
time ε = 12(r + r
2), and the area decreases to zero at this time.
Using an appropriate barrier argument, one can transfer the result to our situation
where we have an embedded cigar.
Corollary 6.2.2. Given R > 0 (however large) and ε > 0 (however small) there exists
a Ricci flow
(
g(t)
)
t∈[0,ε) on DsinhR ⊂ C such that g(0) = gΣ
∣∣
Dsinh R
(a truncated cigar
of arbitrarily long length R) but for which
volg(t)
(
DsinhR
) −→ 0 as t↗ ε.
Proof. By virtue of Theorem 6.2.1 (and after an appropriate rescaling) we have a
Ricci flow
(
e2uˆ(t)|dz|2)
t∈[0,ε) on DsinhR with uˆ(0) ≡ 0 and voluˆ(t)
(
DsinhR
) → 0 as
t↗ ε. By standard parabolic existence theory, there exists a unique classical solution
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u : [0, ε)× DsinhR −→ R of the Cauchy problem
∂
∂t
u = e−2u∆u on (0, ε)× DsinhR
u = uˆ on (0, ε)× ∂DsinhR
u = uΣ ≤ 0 on {0} × DsinhR.
By direct comparison (Theorem 2.3.1) we see that u(t) ≤ uˆ(t) for all t ∈ [0, ε)
and consequently, if we write g(t) = e2u(t)|dz|2 on DsinhR for all t ∈ [0, ε), then(
g(t)
)
t∈[0,ε) is a smooth Ricci flow on DsinhR with g(0) = gΣ
∣∣
Dsinh R
and volg(t)
(
DsinhR
) ≤
voluˆ(t)
(
DsinhR
) −→ 0 as t↗ ε.
In other words, the Ricci flow can suck out an arbitrarily large amount of area from a
remote part of the manifold, in an arbitrarily short period of time. Despite this extreme
behaviour, the results of this section show that a truncated cigar evolving as part of a
larger complete Ricci flow cannot suffer such a fate, and must evolve like a complete
cigar for an arbitrarily long time.
Definition 6.2.3. A surface
(M2, g) contains at the point p ∈ M a cigar of length
R > 0 at scale α > 0 if Bg(p;R) bM and there exists an isometric diffeomorphism ψ
from Bg(p;R) to the cigar at scale α (i.e. the rescaled cigar α2gΣ) restricted to the disc
Dsinh(α−1R) ⊂ C:
ψ :
(
Bg(p;R), g
)
−→
(
Dsinh(α−1R), α2gΣ
)
.
The next lemma obtains curvature control at a point part of the way down an evolving
truncated cigar, at least while the point remains well within the interior of the evolving
manifold and the tip does not get too close.
Lemma 6.2.4. For some universal constant B > 0 and for all times T > 0, radii
r0 ≥
√
BT and lengths R˜ ≥ 4(r0 + 1), if
(
g(t)
)
t∈[0,T ] is a Ricci flow on a non-compact
Riemann surfaceM2 such that (M, g(0)) contains at the point p ∈M a cigar of length
2R˜ at unit scale, then we have
sup
∂Bg(0)(p;R˜)
Kg(t) ≤ 2r−20 for all t ∈ [0, τ ] (6.12)
where
τ := sup
{
t0 ∈ [0, T ] : Bg(t)(q; r0) bM\ {p}for all q ∈ ∂Bg(0)(p; R˜) and t ∈ [0, t0]
}
> 0. (6.13)
The lemma exploits Chen’s two-dimensional version (Theorem 2.6.1) of Perelman’s
pseudolocality theorem to gain arbitrary control of the curvature (r0 can be chosen
as large as we want). Since we are about to apply that theorem on a region where
the cigar is almost a cylinder, the non-collapsed condition (iii) would cause trouble
for large r0. Therefore we will puncture the cigar at its tip and lift it to its universal
cover (being locally a half plane) such that the problem vanishes and we can establish
the curvature estimate for the lifted Ricci flow. The restriction to [0, τ ] in (6.12) is
basically the price to pay for that trick to still fulfil condition (i) of that theorem on
the universal cover of the punctured surface M\ {p}. However this turns out not to
be a restriction because the barriers we construct in the next Lemma 6.2.5 will ensure
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that for sufficiently large R˜ we will have maximal τ = T if we additionally require the
Ricci flow g(t) to be instantaneously complete.
Proof. For v0 =
3pi
4 we obtain a universal B > 0 as the constant C = C(v0) > 0 in
Theorem 2.6.1. Fix T > 0, r0 ≥
√
BT and R˜ ≥ 4(r0 + 1). Let
(
g(t)
)
t∈[0,T ] be a Ricci
flow such that
(M, g(0)) contains at the point p ∈M a cigar of length 2R˜ at unit scale.
By virtue of the Uniformisation Theorem A.2.4, sinceM is non-compact its univer-
sal cover is conformally the plane C or the disc D. Because it suffices to establish the
curvature estimate (6.12) on any sheet of its universal cover, we can assume without
loss of generality that M is conformal to C or D and in particular, punctured at the
tip of the cigar, Mp :=M\ {p} is homeomorphic to a cylinder.
Using (possibly a second time) the universal covering pi : M˜p →Mp to lift the Ricci
flow g˜(t) := pi∗g(t) for all t ∈ [0, T ], we can write the lifted punctured cigar g˜(0) on
pi−1
(Bg(0)(p; 2R˜)) locally in ‘lifted’ cylindrical coordinates (`, θ˜) ∈ (−∞, log sinh 2R˜)×R
as
g˜(0; `, θ) =
d`2 + dθ˜2
e−2` + 1
.
Now fix any point q ∈ pi−1
(
∂Bg(0)
(
p; R˜
))
. We want to apply Theorem 2.6.1 to(
g˜(t)
)
t∈[0,τ) on Bg˜(t)(q; r0). By definition of τ , we have Bg˜(t)(q; r0) b M˜p for all t ∈ [0, τ),
and therefore condition (i) of that theorem is fulfilled. As R˜ ≥ 4(r0 + 1) we certainly
have Bg˜(0)(q; r0) ⊂ pi−1
(
Bg(0)(p; 2R˜) \ Bg(0)(p; R˜/2)
)
' (log sinh R˜/2, log sinh 2R˜)×R by
equation (6.4), and condition (ii) follows using estimate (6.8)
sup
Bg˜(0)(q;r0)
∣∣∣Kg˜(0)∣∣∣ ≤ sup
(log sinh R˜/2,∞)×S1
KgΣ ≤ 8R˜−2 ≤ r−20 .
Similarly, transferring (6.7) to this case i.e.
3
4
(
d`2 + dθ˜2
) ≤ g˜(0) ≤ d`2 + dθ˜2 on Bg˜(0)(q; r0)
we have Bd`2+dθ˜2(q; r0) ⊂ Bg˜(0)(q; r0) and condition (iii):
volg˜(0) Bg˜(0)(q; r0) ≥
3
4
vold`2+dθ˜2 Bd`2+dθ˜2(q; r0) =
3pi
4
r20.
Applying Theorem 2.6.1 for every q ∈ pi−1
(
∂Bg(0)(p; R˜)
)
yields the desired curvature
estimate for
(
g˜(t)
)
t∈[0,τ) on pi
−1
(
∂Bg(0)(p; R˜)
)
, and therefore also for
(
g(t)
)
t∈[0,τ ] on
∂Bg(0)(p; R˜) by continuity.
The curvature estimate of Lemma 6.2.4 can be transformed into a constraint on the
conformal factor of g(t) on ∂Bg(0)(p; R˜) which will allow us to apply a maximum prin-
ciple to establish local barriers (→ (6.14)) for t ∈ [0, τ ]. Once we have the lower barrier
we can utilise it to show that the Ricci flow does not shrink the tip of the cigar too
fast; hence τ in Lemma 6.2.4 will have to be maximal (τ = T ) and we will have upper
and lower barriers for all t ∈ [0, T ].
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Lemma 6.2.5 (Barriers∗). For some universal constants β > 1, A > 0 and for all times
T > 0 and lengths R˜ ≥ A(T + 1), if (g(t))
t∈[0,T ] is an instantaneously complete Ricci
flow on a non-compact Riemann surface M2 such that (M, g(0)) contains at the point
p ∈ M a cigar of length 2R˜ at unit scale, then there exist cigar solutions (g±(t))t∈R
at scales β±1 which are locally upper and lower barriers for g(t) in the sense that on
Bg(0)(p; R˜)
g−(t) := ψ∗
(
β−2gΣ
(
β2t
)) ≤ g(t) ≤ ψ∗(β2gΣ(β−2(t− T ))) =: g+(t) (6.14)
for all t ∈ [0, T ] with ψ as in Definition 6.2.3.
Proof. Let B be the universal constant from Lemma 6.2.4, fix T > 0, and define
r0 =
√
BT and β = e
2
B > 1. Then we can find a universal A > 0 such that A(T +1) ≥
max
{
β(2βT + r0 + 1), 4(r0 + 1)
}
and choose an arbitrary R˜ ≥ A(T + 1). Note that
this way R˜ fulfils the requirement of Lemma 6.2.4. Finally define τ ∈ [0, T ] according
to (6.13).
Without loss of generality we can write ψ∗g(t)
∣∣
Bg(0)(p;R˜) = e
2u(t)|dz|2 on Dsinh R˜.
Using (6.2) we obtain the conformal factors of the proposed barriers ψ∗
(
g±(t)
)
=
e2u±(t)|dz|2 of (6.14)
u−(t, z) = uΣ
(
β2t, z
)− log β and u+(t, z) = uΣ(β−2(t− T ), z)+ log β.
To establish (6.14) we are going to exploit the standard parabolic maximum principle
for solutions of (2.7) on [0, τ ] × Dsinh R˜: Since by assumption u(0, z) = uΣ(0, z) for all
z ∈ Dsinh R˜, we have initially
u−(0, z) = uΣ(0, z)− log β ≤ u(0, z) ≤ uΣ(−β−2T, z) + log β = u+(0, z)
for all z ∈ Dsinh R˜. For the requirement on the boundary [0, τ ]× ∂Dsinh R˜, observe that
estimating (with Lemma 6.2.4) and integrating the evolution equation (2.7) for u(t)
yields for all t ∈ [0, τ ]∣∣∣∣ ∂∂tu(t)
∣∣∣∣ = ∣∣∣Kg(t)∣∣∣ ≤ 2BT ≤ 2Bτ and thus ∣∣∣u(t)− u(0)∣∣∣ ≤ 2B = log β on ∂Dsinh R˜.
Hence, we have for all t ∈ [0, τ ] and z ∈ ∂Dsinh R˜
u(t, z) ≤ u(0, z) + log β ≤ uΣ
(
β−2(t− T ), z)+ log β = u+(t, z)
and u(t, z) ≥ u(0, z)− log β ≥ uΣ
(
β2t, z
)− log β = u−(t, z).
That is sufficient to apply the maximum principle (Theorem 2.3.1) and conclude
u−(t, z) ≤ u(t, z) ≤ u+(t, z),
on [0, τ ] × Dsinh R˜, which proves (6.14) for all t ∈ [0, τ ] after pulling back the metrics
via ψ.
Now we will use the lower barrier to show that in fact, with our choice of R˜ ≥
A(T + 1) we have maximal τ = T : Since
(
g(t)
)
t∈[0,T ] is instantaneously complete we
∗This cigar sandwiching technique which we have introduced in [GT12] has since been applied in
[Top11].
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may rephrase the definition of τ in (6.13) to
τ = max
{
t0 ∈ [0, T ] : distg(t)
(
p, ∂Bg(0)
(
p; R˜
)) ≥ r0 for all t ∈ [0, t0]}. (6.13*)
Now assume that τ < T . With our choice of R˜ ≥ β(2βT + r0 + 1) we have
distg(t)
(
p, ∂Bg(0)(p; R˜)
) ≥ distg−(t)(p, ∂Bg(0)(p; R˜))
= distβ−2gΣ(β2t)
(
0, ∂BgΣ(0; R˜)
)
≥ β−1
(
R˜− 2β2t
)
using (6.10)
≥ β−1R˜− 2βT ≥ r0 + 1
for all t ∈ [0, τ ], which contradicts the maximality of τ in (6.13*) since t 7→ g(t) is
continuous. Hence τ = T .
6.2.3 Curvature bound
Lemma 6.2.5 tells us that if a complete Ricci flow contains a truncated cigar at unit
scale at time 0, then it remains close to the evolving cigar for later times in a C0 sense.
If it were sufficiently close in a C2 sense, then it would be clear that the supremum of the
curvature would remain bounded below by a universal positive constant, because this
is true for the evolving cigar. By exploiting an isoperimetric inequality, the following
proposition shows that this lower curvature bound will hold anyway.
Proposition 6.2.6. For some universal ε > 0 and A > 0, and for all times T > 0 and
lengths R ≥ A(T + 1), if (g(t))
t∈[0,T ] is an instantaneously complete Ricci flow on a
non-compact Riemann surface M2 such that (M, g(0)) contains a cigar of length R at
unit scale, then
sup
M
Kg(t) ≥ ε for all t ∈ [0, T ]. (6.15)
Proof. Let β > 1 be the universal scaling for the barriers g±(t) from Lemma 6.2.5,
and let A˜ > 0 be the A from that same lemma. Fix a larger A ≥ 2A˜ such that
A(T + 1) ≥ 2β2(2T + β2 + 1) for all T > 0. Now fix T > 0 and pick R ≥ A(T + 1).
For improved legibility we are going to abbreviate Br := Bg(0)(p; r) for any r > 0. To
establish (6.15) we want to apply an isoperimetric inequality due to Bol (Theorem
A.4.1) to the domain Bρ(t) of area 2piβ
2 around the tip of the cigar where
ρ(t) := max
{
r > 0 : volg(t)Br ≤ 2piβ2
}
.
To see that ρ(t) ≤ R2 for all t ∈ [0, T ], i.e. the domain Bρ(t) stays in the region BR2
where Lemma 6.2.5 provides the barriers g±(t), we can use the lower barrier g−(t) to
estimate the area with respect to g(t) from below: Keeping in mind R
2β2
≥ 2T + β2+1
we estimate
volg(t)BR
2
≥ volg−(t)BR
2
= volβ−2gΣ(β2t) BgΣ(0;R/2)
≥ 2piβ−2 (R/2− 2β2T − log 2) using (6.11)
≥ 2piβ2
for all t ∈ [0, T ]. Meanwhile, the upper barrier allows us to estimate the length of the
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boundary ∂Bρ(t) independently of t ∈ [0, T ] by the circumference of the scaled cylinder
Lg(t) ∂Bρ(t) ≤ Lg+(t) ∂Bρ(t) ≤ Lβ2gΣ∂BgΣ
(
0; ρ(t)
) ≤ 2piβ
using (6.7). Now we can apply Bol’s isoperimetric inequality, Theorem A.4.1, to
conclude
sup
M
Kg(t) ≥ sup
Bρ(t)
Kg(t)
≥ 4pi
volg(t)Bρ(t)
−
(
Lg(t) ∂Bρ(t)
)2(
volg(t)Bρ(t)
)2
≥ 4pi
2piβ2
− (2piβ)
2
(2piβ2)2
= β−2 =: ε.
Corollary 6.2.7. For some universal ε > 0 and A > 0, and for all times T > 0, scales
α ∈ (0, 1) and lengths R ≥ Aα−1(T + 1), if (g(t))
t∈[0,T ] is an instantaneously complete
Ricci flow on a non-compact Riemann surfaceM2 such that (M, g(0)) contains a cigar
of length R at scale α, then
sup
M
Kg(t) ≥ εα−2 for all t ∈ [0, T ]. (6.16)
Proof. Fix T > 0 and α ∈ (0, 1). From the preceding Proposition 6.2.6 we obtain
the universal constants ε > 0 and A > 0. Define T¯ := α−2T and observe that with
R ≥ Aα−1(T + 1) ≥ Aα(α−2T + 1) = αA(T¯ + 1) we have R¯ := α−1R ≥ A(T¯ + 1)
as required in Proposition 6.2.6. Let g(t) be an instantaneously complete Ricci flow
such that
(M, g(0)) contains a cigar of length R at scale α. Then (g¯(s))
s∈[0,α−2T ] with
g¯(s) = α−2g(α2s) is another instantaneously complete Ricci flow such that
(M, g¯(0))
contains a cigar of length R¯ = α−1R at unit scale and we may apply Proposition 6.2.6
to conclude
sup
M
Kg(t) = sup
M
Kα2g¯(α−2t) = sup
M
α−2Kg¯(α−2t) ≥ α−2ε
for all t ∈ [0, T ].
6.3 Ricci flow of unbounded curvature
In this section we give a proof of Theorem 6.1.1. It is clearly sufficient to find an
instantaneously complete Ricci flow rather than a complete one since we can always
adjust the flow a little in time (i.e. consider g(t+ ε)).
The strategy is to construct an appropriate g(0) containing lots of cigars at different
scales and of different lengths, then to flow the metric using Theorem 5.1.2 and apply
the results of the previous section, and in particular Corollary 6.2.7, to show that the
curvature is unbounded.
Proof of Theorem 6.1.1. Let g¯0 be any conformal metric on M. Since M is a
non-compact Riemann surface, there exists a sequence of pairwise disjoint, simply con-
nected, open subsets
(Uk)k∈N ⊂ M moving off to infinity in the sense that for all
Ω bM, the sets Uk are disjoint from Ω for sufficiently large k. For the sequences of
scales αk :=
1
k and times Tk := k, Corollary 6.2.7 permits us to choose a monoton-
ically increasing sequence of lengths Rk = Ak(k + 1) ∼ k2 compatible with αk and
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Tk. By virtue of the uniformisation theorem, for each k ∈ N there exists a conformal
diffeomorphism
ψk : Uk −→ D2 sinh(α−1k Rk) ⊂ C
onto the complex disc of radius 2 sinh
(
α−1k Rk
)
. Abbreviate
Vk := ψ−1k
(
Dsinh(α−1k Rk)
)
b Uk
and choose smooth cut-off functions fk ∈ C∞
(M, [0, 1]) such that spt fk ⊂ Uk and
fk
∣∣
Vk ≡ 1. We can then define a new smooth metric g0 on M by
g0 :=
(
1−
∑
k∈N
fk
)
g¯0 +
∑
k∈N
fkψ
∗
k
(
α2kgΣ
)
.
The surface
(M, g0) has infinite area since the truncated cigars we are pasting in
each have area bounded below by some uniform positive constant (in fact their area is
converging to infinity):
volg0M≥
∑
k∈N
volg0 Vk =
∑
k∈N
α2k volgΣ
(BgΣ(0;α−1k Rk))
≥ 2pi
∑
k∈N
αk
(
Rk − αk
) ≥ 2pi∑
k∈N
R1 − 1k
k
=∞, using (6.6)
and so Theorem 5.1.2 provides an immortal, instantaneously complete Ricci flow
(
g(t)
)
t∈[0,∞)
with g(0) = g0. To see that the curvature of g(t) is unbounded at an arbitrary time
t ∈ [0,∞), note that for any k ∈ N with k > t, we have t ∈ [0, Tk], so by applying
Corollary 6.2.7 to the flow, considering the kth cigar in our construction, we find that
sup
M
Kg(t) ≥ εα−2k = εk2,
and by letting k →∞ we find that supMKg(t) =∞ as claimed.
Appendix A
Riemannian surfaces
A.1 Theorem of Gauß-Bonnet and variants
Theorem A.1.1 (Carl Friedrich Gauß (1827), Pierre Ossian Bonnet (1848);
[Cha06, Theorem V.2.7]). Let
(M2, g) be a compact, orientable Riemannian surface
with smooth boundary ∂M. Then
ˆ
M
Kg dµg +
ˆ
∂M
κg ds = 2pi χ
(M). (A.1)
Theorem A.1.2 (Alfred Huber [Hub57, Theorem 12]). Let
(M2, g) be an open,
finitely connected, orientable and complete Riemannian surface with finite area volgM <
∞. If [Kg]+ ∈ L1(M, g) or [Kg]− ∈ L1(M, g), then
ˆ
M
Kg dµg = 2pi χ
(M). (A.2)
See also [SST03, Theorem 2.2.4].
A.2 Covering spaces and uniformisation
Definition A.2.1. Let pi : X˜ → X be a continuous map between topological spaces X
and X˜. A covering pi : X˜ → X is the triple consisting of the covering map pi, the
cover X˜ and the base X. The map pi is a covering map, if for every x ∈ X there
is an open neighbourhood U ⊂ X such that its preimage pi−1(U) is a disjoint union of
open sets U˜i ⊂ X˜, i ∈ I
pi−1(U) =
⊔
i∈I
U˜i
and the restriction to each connected component pi
∣∣
U˜i
: U˜i → U is a homeomorphism.
The covering group is the group of deck transformations
Deck(pi) :=
{
ϕ : X˜ → X˜
∣∣∣ ϕ is a homeomorphism with pi ◦ ϕ = pi}.
Finally, a covering is universal if X˜ is simply connected.
Proposition A.2.2 (Existence of a universal cover). If X is a connected and locally
simply connected topological space, then there exist a simply connected topological space
X˜ and a covering map pi : X˜ → X. If pˆi : X̂ → X is any other simply connected
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covering of X, then there is a homeomorphism φ : X˜ → X̂ such that pˆi ◦ φ = pi.
Moreover, the covering group is isomorphic to the fundamental group of the base X,
Deck(pi) ∼= pi1(X).
(M˜, g˜)
(M, g) (M˜/Γ, pi∗g˜)
pi
pi
∼=
φ
For a proof we refer for instance to [Lee00, Theorem
12.8 and 12.19]. It is easy to see that in the context
of Riemannian manifolds one can pull-back the ge-
ometry of the base manifold to its cover. Hence,
we may rephrase Proposition A.2.2 for Riemannian
manifolds:
Corollary A.2.3 (Universal cover of a Riemannian
manifold). If
(Mn, g) is a Riemannian manifold,
then there exists a universal covering pi : M˜ → M
such that
(i)
(M˜, g˜) is a simply connected Riemannian manifold with g˜ := pi∗g;
(ii) The deck transformations Deck(pi) < Isom
(M˜, g˜) are a subgroup of the freely and
discretely acting isometries on
(M˜, g˜);
(iii) Abbreviating Γ = Deck(pi) and writing pi : M˜ → M˜/Γ for the canonical projection,
there is a global isometry
φ :
(M˜/Γ, pi∗g˜) −→ (M, g).
If pi : M̂ →M is another universal covering of M, then there exists a global isometry
φ :
(M˜, pi∗g)→ (M̂, pi∗g) such that pi ◦ φ = pi.
Uniformisation
The uniformisation theorem provides a classification of the geometry of surfaces to
be either spherical, Euclidean or hyperbolic. Whilst for compact surfaces the Gauß-
Bonnet Theorem A.1.1 relates the geometry to the topology via the sign of the Euler
characteristic, for non-compact surfaces this is not true anymore; then again one re-
quires additionally the conformal structure in order to determine the geometry.
Theorem A.2.4 (Uniformisation Theorem. Henri Poincare´ [Poi07], Paul Koebe
[Koe07]). Let M2 be a simply connected Riemann surface. Then M is biholomorphic
either to the sphere S2, to the complex plane C or the unit disc D. Moreover, every
complete metric g on M is conformally equivalent either to gS or gE or gH respectively.
Using the universal covering one can uniquely relate any surface to a simply connected
one, and therefore rephrase the uniformisation theorem for surfaces of non-trivial topol-
ogy using Corollary A.2.3 about the existence of a universal covering.
Corollary A.2.5. Every Riemannian surface
(M2, g) is conformally equivalent to a
quotient of either
(
S2, gS
)
or
(
E2, gE
)
or
(
H2, gH
)
by a discrete group of isometries
which is isomorphic to the fundamental group pi1(M). In particular,
(M, g) admits a
conformally equivalent and complete metric gκ¯ of constant Gaussian curvature Kgκ¯ ≡
κ¯ ∈ {1, 0,−1}.
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A.3 Schwarz lemma of Yau
Theorem A.3.1 (Shing-Tung Yau [Yau73]). Let (M1, g1) and (M2, g2) be two Rie-
mannian surfaces such that for some constants a1 ≥ 0 and a2 > 0 we have
(i) (M1, g1) is complete; (ii) Kg1 ≥ −a1; (iii) Kg2 ≤ −a2 < 0.
Then any conformal map ϕ :
(M1, g1) −→ (M2, g2) satisfies
ϕ∗(g2) ≤ a1
a2
g1.
For convenience, we are going to present the proof. It uses the following generalised
maximum principle by Hideki Omori, whose proof was simplified by Yau in [Yau75,
Theorem 1, p. 206]:
Theorem A.3.2 (Omori [Omo67, Theorem A′, p. 211]). On a complete Riemannian
surface (M, g) with Gaussian curvature bounded from below, let f ∈ C2(M) be bounded
above. Then, for an arbitrarily point p ∈ M and for any ε > 0, there exists a point q
depending on p such that
(i) ∆gf(q) < ε; (ii)
∣∣gradg f(q)∣∣g < ε; (iii) f(q) ≥ f(p).
The essential idea [Yau75] to find q is to imagine the point
(
q, f(q)
)
on the graph of f
in M× R which is closest to the point (p, k) for some enormous k  1.
Proof of Theorem A.3.1. By dilating g1 and g2, we may assume a1 = 1 = a2, that
is Kg1 ≥ −1 ≥ Kg2 . Since we only need the theorem in the case that ϕ is strictly
conformal, we will assume this in the proof and omit the minor adjustments required
for the full theorem.∗ Define w ∈ C∞(M1) by
ϕ∗(g2) = e2wg1. (A.3)
It remains to show that w ≤ 0. Assume instead that there exists p ∈M1 with w(p) > 0.
Then we can choose an ε ∈ (0, 1) such that
ε <
ew(p) − e−w(p)
1 + ew(p)
. (A.4)
Now define w˜(x) := −e−w(x) for all x ∈M1. Since (M1, g1) is complete with curvature
bounded from below and w˜ is bounded above, we may apply Theorem A.3.2 to find a
point q ∈M1 with
∆g1w˜(q) < ε,
∣∣∇w˜∣∣2
g1
(q) < ε and w˜(q) ≥ w˜(p). (A.5)
Since x 7→ −e−x is strictly increasing, we also have w(q) ≥ w(p) > 0. Now compute
∆g1w˜ = e
−w∆g1w − e−w|∇w|2g1
= e−w∆g1w − ew|∇w˜|2g1 . (A.6)
∗In the weakly conformal case ϕ might either be constant (nothing to prove) or have isolated singular
points P := {p1, p2, . . .}. The function w we define in (A.3) will then have logarithmic singularities on
P , but will be strictly negative close to such singularities and the w˜ of the proof could be adjusted to
a smooth function on the whole of M1 (including P ) without altering anything where w is positive.
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By Lemma 2.2.1 we have
∆g1w = −e2w (Kg2 ◦ ϕ) + Kg1 ,
which together with the curvature estimates −Kg2 ≥ 1 and Kg1 ≥ −1 gives e−w∆g1w ≥
ew − e−w, and so (A.6) improves to
∆g1w˜ ≥ ew(1− |∇w˜|2g1)− e−w.
Evaluating at q, using (A.5) and the fact that w(q) ≥ w(p), we obtain
ε > ∆g1w˜(q) ≥ ew(q)(1− ε)− e−w(q) ≥ ew(p)(1− ε)− e−w(p)
and hence
ε >
ew(p) − e−w(p)
1 + ew(p)
which contradicts (A.4).
Corollary A.3.3. Let g be a complete and conformal metric on a hyperbolic surface(M2, gH). If Kg ≥ −κ for some κ ∈ [0,∞), then
gH ≤ κ g. (A.7)
A.4 Isoperimetric inequality
The following isoperimetric inequality due to Gerrit Bol allows us to estimate the
maximum of the curvature on a surface’s domain from below if we know its area and
the length of its boundary. For an alternative proof using curvature flows, and further
generalisations see [Top98] and [Top99].
Theorem A.4.1 (Bol [Bol41, Eq. (30) on p. 230]). Let U be a simply-connected
domain on a surface
(M2, g), then(
Lg ∂U
)2 ≥ 4pi volg(U)− (volg U)2 sup
U
Kg. (A.8)
Appendix B
Parabolic partial differential
equations
Let M j Rn be a domain with (possibly empty) boundary ∂M and let T ⊂ [0,∞) be
some time interval including 0. We define the parabolic distance on T ×M by
dist
(
(t1, p1), (t2, p2)
)
:=
√
|t1 − t2|+
∣∣p1 − p2∣∣ (B.1)
for any space-time points (t1, p1), (t2, p2) ∈ T ×M. We are going to abuse notation
and denote the parabolic boundary by
∂(T ×M) := ({0} ×M) ∪ (T × ∂M). (B.2)
B.1 Ho¨lder estimates for bounded solutions
The following theorem shows that a bounded solution of a (quasi-linear) parabolic par-
tial differential equation is already Ho¨lder continuous away from the parabolic bound-
ary. For the sake of simplicity we state a weaker variant than [LSU68] which is sufficient
for our applications.
Theorem B.1.1 (Simplified variant of [LSU68, Theorem V.1.1]). For some time in-
terval T ⊂ [0,∞) including 0, some domain M b Rn and monotonically increasing
functions λ−1,Λ, β ∈ C([0,∞), (0,∞)) let u ∈ C1,2(T ×M) be a solution of the quasi-
linear parabolic equation in divergence form
∂
∂t
u(t, p) = divA
(
t, p;u(t, p),Du(t, p)
)
+B
(
t, p;u(t, p),Du(t, p)
)
(B.3)
such that for all (t, p) ∈ T ×M, w ∈ R and ξ ∈ Rn
(i) A ∈ C(T ×M× R× Rn,Rn) satisfies the parabolicity conditions
λ
(|w|) |ξ|2 ≤ 〈A(t, p;w, ξ), ξ〉 and ∣∣A(t, p;w, ξ)∣∣ ≤ Λ(|w|) |ξ|; (B.4)
(ii) B ∈ C(T ×M× R× Rn) satisfies∣∣B(t, p;w, ξ)∣∣ ≤ β(|w|)∣∣ξ∣∣2. (B.5)
For M :=
∥∥u∥∥
L∞(T ×M) < ∞ and any Q b T ×M with δ := dist
(Q, ∂(T ×M)) > 0
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there exists a constant α = α
(
n, λ(M),Λ(M), Mβ(M)λ(M)
)
∈ (0, 1] such that
∥∥u∥∥
Cα/2,α(Q) ≤ C = C
(
n,M, λ(M),Λ(M), β(M), δ
)
<∞. (B.6)
In Section 4.3 we are going to apply this theorem to the normalised Ricci flow equation
for the metric’s conformal factor in the conformally hyperbolic case
∂
∂t¯
u¯ = div
(
e−2u¯Du¯
)
+ 2e−2u¯
∣∣Du¯∣∣2 − 1. (4.16)
In this setting we have A(t, p;w, ξ) = e−2wξ and B(t, p;w, ξ) = 2e−2w|ξ|2−1, therefore
conditions (i) and (ii) are satisfied choosing λ(w) = e−2w and Λ(w) = β(w) = e2w.
B.2 Parabolic Schauder estimates
Theorem B.2.1 (Simplified variant of [LSU68, Theorem IV.10.1]). For some α ∈
(0, 1], λ > 0, k, l ∈ N0, some time interval T ⊂ [0,∞) and domain M j Rn let
u ∈ C(k+1)+α/2,(2l+2)+α(T ×M) be a solution of the linear parabolic equation
∂
∂t
u(t, p) =
〈
a(t, p),Hessu(t, p)
〉
+ b(t, p) (B.7)
such that a ∈ Ck+α/2,2l+α(T ×M, Sym2Rn), b ∈ Ck+α/2,2l+α(T ×M) and for all (t, p) ∈
T ×M we have the uniform parabolicity condition
0 < λ|η|2 ≤
〈
a
(
t, p),η ⊗ η
〉
for all η ∈ Rn \ {0}. (B.8)
For any Q b T × M with δ := dist(Q, ∂(T × M)) > 0, there is a constant C =
C
(
n, λ, k, l, α, δ,
∥∥a∥∥
Ck+α/2,2l+α(T ×M,Sym2 Rn),
∥∥b‖Ck+α/2,2l+α(T ×M)) <∞ such that∥∥u∥∥
C(k+1)+α/2,(2l+2)+α(Q) ≤ C
∥∥u∥∥
L∞(T ×M). (B.9)
Moreover, if 0 ∈ T and U bM with δ0 := dist
(U , ∂M) > 0, there is another constant
C0 = C0
(
n, λ, k, l, α, δ0,
∥∥a∥∥
Ck+α/2,2l+α(T ×M,Sym2 Rn),
∥∥b‖Ck+α/2,2l+α(T ×M)) < ∞ such
that ∥∥u∥∥
C(k+1)+α/2,(2l+2)+α(T ×U) ≤ C
(∥∥u(0, ·)∥∥
C(2l+2)+α(M) +
∥∥u∥∥
L∞(T ×M)
)
. (B.10)
If we consider a solution u ∈ Ck,l(T ×M) of the quasi-linear equation
∂
∂t
u(t, p) =
〈
A
(
t, p, u(t, p),Du(t, p)
)
,Hessu(t, p)
〉
+B
(
t, p, u(t, p),Du(t, p)
)
, (B.11)
we may define a ∈ Ck,l−1(T × M,Sym2Rn) and b ∈ Ck,l−1(T × M) by a(t, p) :=
A
(
t, p;u(t, p),Du(t, p)
)
and b(t, p) := B
(
t, p;u(t, p),Du(t, p)
)
and obtain a linear equa-
tion (B.7). This way one can exploit the parabolic Schauder estimates for linear equa-
tions also in the quasi-linear context. Note that if A(t, p;w, ξ) or B(t, p;w, ξ) does not
depend on ξ then the associated a(t, p) or b(t, p) respectively is of the same regularity
as u.
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Corollary B.2.2. For some α ∈ (0, 1], k, l ∈ N0, some time interval T ⊂ R and
domain M b Rn let u ∈ C(k+1)+α/2,(2l+2)+α(T ×M) be a solution of (B.11) such that
A(t, p;w, ξ) = A(t, p;w) and B(t, p;w, ξ) = B(t, p;w) are independent of ξ and there is
some λ > 0 such that for all (t, p) ∈ T ×M
0 < λ|η|2 ≤
〈
A
(
t, p;u(t, p)
)
,η ⊗ η
〉
for all η ∈ Rn \ {0}. (B.12)
For any Q b T × M with δ := dist(U , ∂(T × M)) > 0, there is a constant C =
C
(
n, λ, k, l, α, δ,
∥∥u∥∥
Ck+α/2,2l+α(T ×M)
)
<∞ such that∥∥u∥∥
C(k+1)+α/2,(2l+2)+α(Q) ≤ C‖u‖L∞(T ×M). (B.13)
Moreover, if 0 ∈ T and U bM with δ0 := dist
(U , ∂M) > 0, there is another constant
C = C
(
n, λ, k, l, α, δ0,
∥∥u∥∥
Ck+α/2,2l+α(T ×M)
)
<∞ such that
∥∥u∥∥
C(k+1)+α/2,(2l+2)+α(T ×U) ≤ C
(∥∥u(0, ·)∥∥
C(2l+2)+α(M) +
∥∥u∥∥
L∞(T ×M)
)
. (B.14)
B.3 Auxiliary results
In order to bootstrap C0 convergence into Ck convergence (using Cl bounds) we will
need to be able to interpolate:
Lemma B.3.1. Let u : Bn → [−1, 1] be a smooth function such that for all k ∈ N∥∥Dku∥∥
L∞(B) <∞.
Then for all k ∈ N and η ∈ (0, 1) there exist constants C = C(k, η) > 0 and l := dk/ηe
such that ∣∣Dku∣∣(0) ≤ C (1 + ∥∥Dlu∥∥
L∞(B)
)∥∥u∥∥1−η
L∞(B). (B.15)
Proof. By [GT98, Theorem 7.28] (for example) for arbitrary 0 < k < l there is a
constant C = C(l) > 0 such that for any smooth function v ∈ C∞(B) ∩ L∞(B) with
bounded derivatives ∥∥Dkv∥∥
L∞(B) ≤ C
(∥∥v∥∥
L∞(B) +
∥∥Dlv∥∥
L∞(B)
)
. (B.16)
Now define v(x) := u(εx) for all x ∈ B with ε = ∥∥u∥∥ 1lL∞(B) ∈ (0, 1] and choosing l = dk/ηe
we estimate with (B.16)∥∥Dku∥∥
L∞(Bε) = ε
−k∥∥Dkv∥∥
L∞(B) ≤ Cε−k
(∥∥v∥∥
L∞(B) +
∥∥Dlv∥∥
L∞(B)
)
≤ C
(
ε−k
∥∥u∥∥
L∞(Bε) + ε
l−k∥∥Dlu∥∥
L∞(Bε)
)
≤ C
(
1 +
∥∥Dlu∥∥
L∞(B)
)∥∥u∥∥1− klL∞(B)
≤ C
(
1 +
∥∥Dlu∥∥
L∞(B)
)∥∥u∥∥1−η
L∞(B).
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Occasionally we will have to switch between equivalent metrics in arguments, and will
use the following elementary fact:
Lemma B.3.2. Let
(
D, gH
)
be the complete hyperbolic disc and T ∈ Γ (D; T(r,s)D)
any (r, s) tensor field. Then for every k ∈ N0 and % ∈ (0, 1) there exists a constant
C = C(k, %, r, s) > 0 such that
1
C
∥∥T∥∥
Ck(D%,|dz|2) ≤
∥∥T∥∥
Ck(D%,gH)
≤ C∥∥T∥∥
Ck(D%,|dz|2). (B.17)
In particular, we have
1
C
k∑
j=0
∣∣∣(|dz|2∇)j T ∣∣∣
|dz|2
(0) ≤
k∑
j=0
∣∣∣(gH∇)j T ∣∣∣
gH
(0) ≤ C
k∑
j=0
∣∣∣(|dz|2∇)j T ∣∣∣
|dz|2
(0).
Finally, the following lemma clarifies the differential of the [ · ]+-function.
Lemma B.3.3. For some T > 0 and U ⊂ Rn consider the weakly differentiable func-
tion u ∈ W1([0, T ] × U). Then t 7→ ´U [u(t, p)]+ dµ is weakly differentiable and we
have
∂
∂t
∣∣∣∣
t0
ˆ
U
[
u(t, p)
]
+
dµ =
ˆ
U
Θ
(
u(t, p)
) ∂
∂t
∣∣∣∣
t0
u(t, p) dµ for a.e. t0 ∈ (0, T ), (B.18)
where Θ = 1(0,∞) : R→ {0, 1} is the Heaviside step function.
Proof. By [GT98, Lemma 7.6],
[
u(t, p)
]
+
is weakly differentiable and we have Dt[u]+(t, p) =
Θ
(
u(t, p)
)
Dtu(t, p) for a.e. (t, p) ∈ (0, T ) × U . For some test function φ ∈ C∞c
(
(0, T )
)
we calculate
ˆ T
0
(
Dt
ˆ
U
[
u(t, p)
]
+
dµ
)
φ dt = −
ˆ T
0
ˆ
U
[
u(t, p)
]
+
dµDtφ dt
= −
ˆ
U
ˆ T
0
[
u(t, p)
]
+
Dtφ dt dµ
=
ˆ
U
ˆ T
0
Θ
(
u(t, p)
)
Dtu(t, p)φ dt dµ
=
ˆ T
0
(ˆ
U
Θ
(
u(t, p)
)
Dtu(t, p) dµ
)
φ dt.
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